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Measurement of WPT links



WPT: Measurement
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WPT: Measurement

We need a measurement methodology to accurately characterize

WPT links, i.e. to estimate the power transfer performance, the link
efficiency, and the links characteristics while the system is
operational.

e Measurement technique depends on the selected frequency range

Lower frequency measurement technique (operational amplifier).

Higher frequency measurement technique via vectorial network
analyzer (VNA).

Warning: when trying to measure highly resonant structures using
reference impedances may prevent accuracy.



WPT: Measurement: low frequency kHz

Example of a measurement case at low frequency of two synchronous
resonators (tuned to the same nominal resonant frequency).

Figure 1: Picture of the experimental setup (a), and magnification of the
WPT link (b). The realized air-core inductors are shown on the bench in (b),
with the primary on the bottom and the secondary on the top at a distance of
75 mm. The realized unity-gain buffer circuit is shown on the right side in (b).



WPT: Measurement 1
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Figure 2: Considered WPT circuit, showing the nodes where the voltages Vi,
V>, and V| are measured, denoted as black dots.
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Figure 2: Considered WPT circuit, showing the nodes where the voltages Vi,
V>, and V| are measured, denoted as black dots.
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Figure 3: Block diagram of the experimental setup.



WPT: Measurement

The mutual coupling between the primary and secondary circuit is
modeled by the mutual inductance M = k+/L;L,, with k being the
coupling coefficient. We have:

h (R + R — ks + jols) — jwMly = V
—JjwMh + b (RL + Ri2 _j%cz +jWL2) =0.



WPT: Measurement

The mutual coupling between the primary and secondary circuit is
modeled by the mutual inductance M = k+/L;L,, with k being the
coupling coefficient. We have:

I (Rs + Ry —j +ij1> —jwMb =V

(1)
—jwMly + b (RL + Rz —j%cz +ij2) =0.
Assume ZLoopl = Rs + Ri1 _J%Cl +_jWL1 and
ZLoop2 = RL ol Ri2 _J%Cz +ij21
IIZLoopl 7jw/\/l/2 = V (2)
_.jWMll + IZZLoopZ =0.



WPT: Measurement

The solution of (2) provides the following expressions for the currents at
the primary and secondary coils:

h=V ( Pesyp ) (3)

ZLoopl ZLoop2 + w2 M?

b = jwMV ( ! ) (4)

ZLoopl ZLoop2 + w?M?
Once the source voltage V and the load impedance R; are known, it is
possible to derive a procedure for the characterization of the mutual
inductance of the WPT link. For the case when the receiving coil is at
given distance from the transmitting coil, the procedure can be
summarized by the following steps:
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coupling with the secondary coil;
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WPT: Measurement

Step 1: Perform a measurement of the Z;,op1 without the
coupling with the secondary coil;
Step 2: Perform a measurement of the Z;, for a given distance
between the primary coil and secondary coil;
w? M?

Zin=— = Zioopl + ——
in Il Loopl ZLoop2

(5)

Step 3: Perform a measurement of the /; for a given distance
on a known load Z;;

Step 4: Compute the following quantities:

w2 M?
6 = Zin - ZLoopl = Zi (6)
Loop2
1 o % ZLoop2 o Il
7 2ﬂ JWM (ZLooplzLoop2 +W2M2 JWM ( )

N
/\//:j%. (8)



WPT: Measurement

Voltage signals at the three considered nodes in the circuit are digitized
using a data acquisition board, NI PCI 5105 by National Instruments. In
particular, five simultaneous channels sampling at 1 MSa/s, 12 bits, with
a range of 6 V are used. Sinusoidal signals of 0.5Vpp at a set of
frequencies spanning the [15 kHz 35 kHz] interval at 500 Hz steps are
generated, and a 10 ms record is acquired for each frequency.

The OPAB41 power operational amplifier was used in a voltage follower
configuration to implement a unity-gain voltage buffer.
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WPT: Measurement

Two resonators tuned to the same nominal resonant frequency of

24.48 kHz were employed. The resonators are implemented by means of
330 nF nominal—-value capacitors and 128 pH nominal—value inductors,
which are air-core copper wire coils of diameter 140 mm and number of
turns equal to 20.
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WPT: Measurement

Two resonators tuned to the same nominal resonant frequency of

24.48 kHz were employed. The resonators are implemented by means of
330 nF nominal—-value capacitors and 128 pH nominal—value inductors,
which are air-core copper wire coils of diameter 140 mm and number of
turns equal to 20.

The current in the primary is measured by using a shunt resistor of
nominal value Rspunt = 1€2. Furthermore, the load is realized by a
resistor of nominal value R, = 5€2. Both the shunt resistor and the load
resistor are measured in the initial calibration phase using a multimeter.
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WPT: Measurement

Measured active power. Two separate resonances are clearly visible.
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Figure 4: Experimental behavior of power vs frequency with coils placed at a

distance of 33 mm. Active power on the load (solid line) and power in the

primary (dotted line).
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WPT: Measurement: Efficiency
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Figure 5: Power transfer efficiency vs frequency with coils placed at different
distances. a: 16 mm; b: 33 mm; c: 54 mm; d: 75 mm.

13



Measurement: power at the load
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Figure 6: Power at the load for different distances. a: 16 mm; b: 33 mm; c:
54 mm:; d: 75 mm.
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When increasing the coupling the power on the load diminishes.

Is it possible to find a remedy to this situation?
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When increasing the coupling the power on the load diminishes.
Is it possible to find a remedy to this situation?

One possible operating regime is to keep the frequency fixed and to
change the load value.

Another operating regime will be discussed next in the part of the
presentation referring to coupling—independent WPT.
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WPT: Measurement: input power
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Figure 7: Active power at the primary for different distances. a: 16 mm; b:
33mm; c: 54mm; d: 75 mm.
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WPT: Measurement of impedance

In strong-coupling conditions, the input impedance of the WPT system is

purely real at three frequencies, corresponding to the resonances.

Im{Z}

Re{Z}

A S I I ) I E Y A S I S S I S A A
16 18 20 22 24 26 28 30 32 34 16 18 20 22 24 26 28 30 32 34
Frequency (kHz) Frequency (kHz)

Figure 8: Measured input impedance, real (a) and imaginary (b) part, at
different distances. a: 16 mm; b: 33 mm; c: 54 mm; d: 75 mm.
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WPT: Measurement

The estimated values of M at several distances between the centers of the
coils are listed in Table 1, and compared with measurement results. The
latter were obtained off-line by disconnecting the measurement system,
the source generator and the load from the WPT and using a LCR meter.

The estimated and measured values show a discrepancy that is below 9% at all
considered distances. Such discrepancy can be attributed to uncertainties in

the coil alignment and distance measurement.

Table 1: Estimated and measured values of mutual inductance at different

distances.

case a b c d

distance (mm) | 16 33 54 75
estimated M (pH) | 53.4 | 36.2 | 22.6 | 14.6
measured M (pH) | 55.8 | 34.1 | 20.6 | 13.3
relative deviation (%) | 45 | 5.8 | 88 | 8.9

18



WPT: Measurement

It is possible to show that the following results hold true:

Table 2: A summary of the parameters values for the approaches that
maximize efficiency and power transferred to the load. The parameters have

the following meanings: x = (wM)/\/riir2, 0 = \/1+ X2, n1 = Rs + Ra,
2 = Ri». The power has been normalized to Py = V2/(8r11).

Parameter maximum maximum
efficiency power
R[_ r229 I’2202
R,',, r119 2r1192/(1 + 92)
[Phe 4/0 2(1 + 6%)/6?
Py 47, /0 X2/0?
U m=x*/(1+0)* | x*/(2(1 +62))

19



WPT: Measurement

According to the terminology of Table 2 we have:

rn1 = Rs+ Ri1=0.83Q
oY) Ri» =0.84Q
M = 341uH
w = 27f with f =24.610kHz
wM
X = N =6.33
0 = V1+x2=6.421. (9)

20



WPT: Measurement

The performance of the system has been computed for the maximum
efficiency and maximum power operation and the results are given in
Table 3. It is worth to note that the experiment has been performed
using a different load resistance. Nevertheless, the slight difference has
led to similar values of the measured efficiency and of the theoretical one.
The maximum power operation case has not been measured.

Table 3: Parameterization for maximum efficiency and maximum power of the
considered test case WPT link.

Parameter | maximum | maximum
efficiency power
R (Q) 5.386 34.53
Rin () 5.322 1.621
P (mW 4.97 16
Pr (mW) 3.629 7.77
n .73 0.476 ’




high frequency (in this case 68 MHz)

Figure 9: Experimental realization of a WPT system composed by a four-coil
structure; the first and last coils (input/output) are inductively coupled with
the second and third coils, which are resonant and which perform the sought

wireless power transmission.
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WPT: Measurement: scattering parameters

0 - 0
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Figure 10: Measured scattering parameters of the WPT system. Left:
reference impedance on 50 Q2. Right: using as reference the conjugate image

impedances.
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WPT: Measurement: scattering parameters
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Figure 10: Measured scattering parameters of the WPT system. Left:
reference impedance on 50 Q2. Right: using as reference the conjugate image

impedances.

Standard reference impedances does not work!
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WPT: Measurement: Conjugate Image impedances

From S matrix pass to Z matrix and compute the conjugate image

impedances.
Image Parameters Image Parameters
75 -20 : ‘
L 60 - E 40 —Port 1
E. 45 . Port2
= Z -60 J
30 'ED M,
o S0l
15 4 N -l W
! Y
0 i ! el 100
60 65 70 75 80 60 65 70 75 80
Frequency (MHz) Frequency (MHz)

Figure 11: Conjugate image impedances of the WPT system.
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WPT: Measurement

For example, consider, at the frequency of 68 MHz, the measured
scattering matrix is:

B (16.4641 +9.8042  12.3051 —j79.1614> (10)

12.3951 — j79.1614 13.2239 + j32.3103

The relative conjugate image impedances are Z.; = 47.5414 — j84.799
and Z., = 38.1850 — j92.5459.

We need to to insert two capacitors C; = 27.6 pF and G, = 25.3 pF at
port 1 and 2, respectively.

The normalization impedances are now Z; = 47.5Q and Z, = 38.21).

25



Conjugate Image impedances

Note that Conjugate Image Impedances are different from standard Image
Impedances. As an example, the image impedances for the previous
example are Z;; = 59.6589 + j6.9209 and Z;» = 94.4249 — j55.2906.

What are the conjugate image impedances?
And how to compute them?

This will be the topic of a next part of the presentation.
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Conjugate Image Impedances



Conjugate Image impedances: definition

|
e
! lossy
Zc*ll Zc2
— network
|
|
|
|
—0
lossy !
ch : Zc*2
network | —
|
|

Figure 12: Conjugate Image Impedances Definition.
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Conjugate Image impedances: computation

The conjugate-image impedances can be expressed in terms e.g. of the
impedance network parameters.

vi = ZzZiih + Zi2i2 (11)

Vo = Zp1l1 + Zooko (12)

Assuming z; = rj + jx; with i, j = 1,2 the conjugate-image impedances
are given by:

Za = m(0; +0%) — ixu (13)
ZCQ = fgz(f)r +JU><) 7jX22 (14)

29



Conjugate Image impedances: computation 2

By introducing the following variables:

VZ12201 = rc + jxc, (15)

we obtain the solutions for 6, and 0, as:

2 2
9, — \/<1 e )(1+ Xe ) (16)
nir» nir?

FeXc
0, = 17
riro (17)

When the two port networks considered for wireless power transfer are
reciprocal, i.e. z1» = z»1, the following simplification occurs:

2 2
9, — ;“‘<1f fi2 ><1+ %12 > (18)
\ rniro rir?

{)X _ rna2xi2 (19)

rir?
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Conjugate Image impedances: computation 1

Roberts has introduced the conjugate image impedances in 1946. here
we present a different method for their computation.

With reference to Fig. 12, the conjugate image impedances can be
calculated from the impedance coefficients of the network with the
appropriate terminating impedances. If we let vo = —ihZ., in eq. (12)
and solve eq. (11) for vi /iy, we get the reflected impedances

Z12201
Y =z11 — ———; 20
<t 1 200 + Zeo (20)

in a similar way we have:

31



Conjugate Image impedances: computation 2

Let us now take the complex conjugate of eq. (21) which gives:

z{5 25
Zo =123, — 22 22
CTP T+ 2y (22)
By substituting eq. (22) into eq. (20)
212221
Zh = — e (23)
Z22+ 2 — 1 +24
or equivalently
% 212221 7 + Z*
Ly —z=-— (s 1) (24)

(222 + 23,) (217 + Z21) — 2251

32



Conjugate Image impedances: computation 3

Note that z»» + z3, = 2r2p and z11 + z{; = 2n11; introduce:

§=zi1+ Z4; (25)
which, inserted in eq. (24), provides:
(& —2n1)[2r2& — z{5251] + 2122216 = 0. (26)
By setting:
= 2rmp (27)
b = —4(nir — jnaxi) (28)
c = 2m1 [ —xd, — 2jrox) (29)

we obtain the second order equation
at? + b€ +c=0. (30)

The solution with positive real part provides, via eq. (25), the sought
conjugate image impedance ZJ;; from the latter, by using eq. (22) the

G

value of Z., is also recovered.
33



Conjugate Image Impedance: equivalence

The conjugate image impedances are also the impedances that realize
maximum efficiency.

Parameter maximum maximum conjugate
efficiency power matching
R r220r m02/(03 +1) 20,
X1 ol — 22 —x22 + 1oy + 120,67 /(62 + 1) 20y — X2
Ra 0 0 ni6,
Xa X12f12/f22 — X11 Xi2h2/r2 — X1 Xi2M2/r2 — X1
Rin nif, 2r1102/(1 + 62 + 62) 2n10,
Xi 0 0 0
Pin 4/0, 2(1 + 67 +62)/(67) 2/(6:)
P 4m /6, (€ +x2)/(97) 2m1/(6r)
U m=(E+xX)/(A+0,)°+67) | (€ +x%)/(2(1+67 +67) m/2

Table 4: A summary of the parameters values for the approaches that

maximize efficiency, power and conjugate matching. The parameters have the

following meanings: X = xi2/\/f1r22, £ = na//mira, 0, = /14 x% /1 — €2,

0 = x&. Powers have been normalized to Py = Vi /(8r11).
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Conjugate Image Impedance: A word of caution!

network

v, T QD Two—port z

Figure 13: Two—port network with added impedance Zc; = Re1 + jXc1. The
value of X1 is given in table (4), while Rc; = 0 for both the maximum
efficiency and maximum power transfer approach. For conjugate matching the
value of Z; is given in table (4).
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Coupling—Independent Wireless
Power Transfer for Series Res-
onators




Frequency agile WPT

e Mid-range wireless power transfer can be achieved e.g. by
employing mutually coupled resonant circuits.
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Frequency agile WPT

e Mid-range wireless power transfer can be achieved e.g. by
employing mutually coupled resonant circuits.

e When operating at the resonant frequency, the loads that realizes
maximum power transfer or maximum efficiency are
coupling—dependent.

e An alternative operating regime

By selecting a suitable frequency, it is feasible, after a certain thresh-
old value of the coupling, to obtain coupling—independent wireless power
transfer.
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Frequency agile WPT: Introduction

e Maximum Power Transfer Efficiency (MPTE) can be realized by
using conjugate image impedances.
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e Maximum Power Transfer Efficiency (MPTE) can be realized by
using conjugate image impedances.

e For a given value of the coupling, we can select the load in such a
way to achieve either Maximum Power Delivered to the Load

(MPDL) or MPTE.
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Frequency agile WPT: Introduction

e Maximum Power Transfer Efficiency (MPTE) can be realized by
using conjugate image impedances.
e For a given value of the coupling, we can select the load in such a

way to achieve either Maximum Power Delivered to the Load
(MPDL) or MPTE.

e In both cases the operating frequency is the resonant one and the
load values are coupling dependent.
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Frequency agile WPT: Introduction

e Maximum Power Transfer Efficiency (MPTE) can be realized by
using conjugate image impedances.
e For a given value of the coupling, we can select the load in such a

way to achieve either Maximum Power Delivered to the Load
(MPDL) or MPTE.

e In both cases the operating frequency is the resonant one and the
load values are coupling dependent.

e With MPDL/MPTE solutions there is no frequency splitting
phenomena.
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Frequency agile WPT: frequency splitting

e When a fixed load value is used there is an optimal coupling and
either “over—coupled” or “under—coupled” solutions as the coupling
is varied.
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presence of two peaks of the power on the load at two frequencies
different from the resonant one.
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Frequency agile WPT:

e When a fixed load value is used there is an optimal coupling and
either “over—coupled” or “under—coupled” solutions as the coupling
is varied.

e ‘“over—coupled”: frequency splitting which is manifested by the
presence of two peaks of the power on the load at two frequencies
different from the resonant one.

e once the coupling is greater than a threshold value, in addition to
the main resonant frequency, also two other frequencies exist for
which the input impedance is purely resistive.
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Frequency agile WPT: frequency splitting

e When a fixed load value is used there is an optimal coupling and
either “over—coupled” or “under—coupled” solutions as the coupling
is varied.

e ‘“over—coupled”: frequency splitting which is manifested by the
presence of two peaks of the power on the load at two frequencies
different from the resonant one.

e once the coupling is greater than a threshold value, in addition to
the main resonant frequency, also two other frequencies exist for
which the input impedance is purely resistive.

e At these operating frequencies the load resistance is reproduced,
apart for a fixed scaling factor, at the input port, independently of
the coupling. We thus achieve a coupling—independent operating
regime.
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Schematic of the WPT link realized with compensated coupled
inductors

Figure 14: Schematic of the WPT link.
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Frequency agile WPT: Introduction

e In Fig. 14 we have a WPT link realized by two coupled series
resonators, driven by a sinusoidal voltage generator
vi(t) = V2 Vi cos(wt), with internal resistance Rg and connected
to a resistive load R;.

e The resistors R; and R, represent the resonator losses.

e We assume that the resonators are synchronous (same free resonant

angular frequency wo = 1/v/L1 G =1// L. G).

41



Frequency agile WPT: Introduction

e In Fig. 14 we have a WPT link realized by two coupled series
resonators, driven by a sinusoidal voltage generator
vi(t) = V2 Vi cos(wt), with internal resistance Rg and connected
to a resistive load R;.

e The resistors R; and R, represent the resonator losses.

e We assume that the resonators are synchronous (same free resonant
angular frequency wo = 1/vV LG = 1/VL,G).

e The coupled inductors can be represented by the equivalent circuit
of Fig. 15, where k = M/+\/L; L, is the coupling coefficient and the

transform ratio is n = /Ly /L.
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Frequency agile WPT: Introduction

e In Fig. 14 we have a WPT link realized by two coupled series
resonators, driven by a sinusoidal voltage generator
vi(t) = V2 Vi cos(wt), with internal resistance Rg and connected
to a resistive load R;.

e The resistors R; and R, represent the resonator losses.

e We assume that the resonators are synchronous (same free resonant
angular frequency wo = 1/v/L1 G =1// L. G).

e The coupled inductors can be represented by the equivalent circuit
of Fig. 15, where k = M/+/L1L;, is the coupling coefficient and the
transform ratio is n = /Ly /L.

e Hence, by referring the parameters of the secondary side to the
primary, we obtain the equivalent circuit of Fig. 16, which contains
two resonators with identical inductances and capacitances.

41



Equivalent circuit of the WPT link referred to primary

(1-k)Ly (1-k)L

kLy

o . J

Figure 15: Equivalent circuit of two coupled inductors.

Figure 16: Equivalent circuit of the WPT link referred to primary.
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Normalization

We define the normalized frequency u = w/wgy and the reactance slope
parameter of the primary resonator Xy = +/L1/C; which also represents
the common (absolute) value of the reactances of the primary inductor
and capacitor at w = wy.

Normalize the impedances of the circuit of Fig. 16 with respect to Xp.

The normalized resistances are reported in table 5.

Table 5: Normalized resistances

rlle/onl/Ql r2:n2R2/X0:]_/Q2
r¢ = Re/Xo=1/Qc rn=nR/Xo=1/QL
ntr=n+re=1Qr nr=n+n=1/Qr7

Note that ry, r¢ and ri1 are the reciprocal of the unloaded, external and
loaded quality factor of the primary resonator, respectively, and that r,
r. and o7 have an analogous meaning for the secondary resonator.
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INPUT IMPEDANCE COMPUTATION

Let us start by considering the ABCD matrix of coupled LCs (see Fig.
16). For the normalized series reactive elements we have:

. 1 _j((k—l)u2+l) "
=1, ) (31)

a4



INPUT IMPEDANCE COMPUTATION

Let us start by considering the ABCD matrix of coupled LCs (see Fig.
16). For the normalized series reactive elements we have:

. 1 (k1) P41) a
=1, ) (31)

while the normalized shunt element is

1 0
Ty = ; 32
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INPUT IMPEDANCE COMPUTATION

Let us start by considering the ABCD matrix of coupled LCs (see Fig.
16). For the normalized series reactive elements we have:

. 1 _J((k=1)u’+1) a
=1, ) (31)

while the normalized shunt element is

1 0
Ty = ; 32
(—;u 1) ®)

giving the total ABCD matrix as

TiTo Ty

1K
-~
a >
(W}
~_

(uz_l (k1) ut2 u2—1)>
= k u? k ud (33)

As well known, the latter when evaluated at u = 1 becomes an

immittance inverter. w



Input Impedance

Now we investigate the behavior of the input impedance z;,, with respect
to the normalized frequency u, for a given terminating impedance ra7; in
terms of the ABCD parameters we have:

AnT + B
k2 LI4 T
ut—(2—rip) 2 +1
(F-1) [(01= ) o — (2 ) 2 +1]
ulut —(2—r2;) u?+1]

Zin = rfiptjXim=n-+ (34)

fin = n+

45



Main and secondary resonant frequencies

From (34) the input reactance vanish at ug = 1, (main resonant

frequency).

The input impedance exhibits two secondary resonant frequencies
(frequency bifurcation) when the equation

(1-k)x*—(2-r7) x+1=0, (35)

with x = 2, admits two real positive solutions.
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Main and secondary resonant frequencies

From (34) the input reactance vanish at ug = 1, (main resonant

frequency).

The input impedance exhibits two secondary resonant frequencies
(frequency bifurcation) when the equation

(1-K)x*—(2-n57) x+1=0, (35)
with x = 2, admits two real positive solutions.

Making use of Descartes’ sign rule and requiring that the discriminant of
(35) is nonnegative, we obtain that these additional resonances exist if

T < \6 (36)

/ 2
kab:rzT 17% (37)

where k;, represents the value of the coupling factor at which frequency
bifurcation occurs.
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Main and secondary resonant frequencies

From (34) the input reactance vanish at ug = 1, (main resonant

frequency).

The input impedance exhibits two secondary resonant frequencies
(frequency bifurcation) when the equation

(1-K)x*—(2-n57) x+1=0, (35)
with x = 2, admits two real positive solutions.

Making use of Descartes’ sign rule and requiring that the discriminant of
(35) is nonnegative, we obtain that these additional resonances exist if

T < \6 (36)

/ 2
kab:rzT 17% (37)

where k;, represents the value of the coupling factor at which frequency
bifurcation occurs.

In practical cases kp =~ raT. 4



Secondary Resonant Frequencies

When (36) and (37) hold, the input reactance also vanishes at

2—rip £ \/4K2 + iy — 4r3;
e \/ 2(1— K2) (38)
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Secondary Resonant Frequencies

When (36) and (37) hold, the input reactance also vanishes at

2—rip £ \/4K2 + iy — 4r3;
e \/ 2(1— K2) (38)

From (36)—(38) the secondary resonant frequencies are only determined
by k, o
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coupling—independent WPT

At u = uy the normalized input resistance, for all values of k is
tin=1"n-+ nT (39)
which corresponds to the unnormalized input resistance

Rin = R + n2(R2 + R[_) (40)
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coupling—independent WPT

At u = uy the normalized input resistance, for all values of k is

fin=1r + T (39)

which corresponds to the unnormalized input resistance

Rin = R + n2(R2 + R[_) (40)

This shows that the coupled resonators, from the input side, act as an
ideal transformer with transform ratio equal to n and independent of k.

In these conditions the output power, p;, and the total efficiency, 7, are

also independent of k
r

pp=+—""— 41

‘ (nr + rzT)2 ( )
r

K nrt + rT (42)
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Figure 17: Secondary resonant frequencies behavior as a function of the
coupling coefficient.
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For k > r1, (38) can be approximated as:

uy = 1/V1F k. (43)
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For k > r1, (38) can be approximated as:

uy = 1/V1F k. (43)

The bifurcation points do not lay on the straight line u = 1.

For k = kp, uy and u_ assume the common value

up = 1/2/ (2 = r2;), (44)

hence, by eliminating ro7 from (37) and (44), we obtain that the
equation of the locus of the bifurcation points is

u=1/v1- k2. (45)
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Les us consider the case r; = r, = 0.01, corresponding to an unloaded
Q-factor of 100 for both resonators, and let us also assume a value of
0.01 for r¢ and of 0.15 for r;.

In Fig. 18 at k = kp, the bifurcation phenomenon starts.

A B, iC D E F 'c\

ke o1 ko2 0.3 0.4 05

Coupling coefficient

Figure 18: Main and secondary resonant frequencies as functions of the
coupling coefficient.

51



The various cases are discussed in the following.

1) case A: the output power is lower than the maximum achievable value
and its peak is at v ~ 1.
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2) case B: corresponds to the critical coupling k. and the output power is
maximum at v = 1.

52



The various cases are discussed in the following.
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1) case A: the output power is lower than the maximum achievable value
and its peak is at v ~ 1.

2) case B: corresponds to the critical coupling k. and the output power is
maximum at v = 1.

3) case C: the output power decreases and the power peak splits into two
peaks, but still there is no frequency bifurcation.

4) case D: the frequency bifurcation phenomenon starts.
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The various cases are discussed in the following.

1) case A: the output power is lower than the maximum achievable value
and its peak is at v ~ 1.

2) case B: corresponds to the critical coupling k. and the output power is
maximum at u = 1.

3) case C: the output power decreases and the power peak splits into two
peaks, but still there is no frequency bifurcation.

4) case D: the frequency bifurcation phenomenon starts.

5) cases E, F, G: for k > kp, when operating at the bifurcated

frequencies vy the same output power is obtained, as shown by the flat
dotted line. Note that the output power at the resonant frequency v =1

is considerably decreased for these cases. It can also be observed that the
curves E, F, G have two additional intersections with the flat line. It is
possible to prove that these intersections occur at the frequencies for

which the output susceptance vanishes. 52



Let us consider Figure 19.

The output power reaches its maximum value for k = ke = \/riTrT,

while for k > k. the output power decreases.

The dashed lines starting at k = kj, correspond to the secondary resonant
frequencies u = u4, which provide constant output power and efficiency
as the coupling is increased.

Note that, with respect to the main resonance, at v = us+ we have a
higher output power at the expense of a slightly reduced efficiency.
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Efficiency at u = uo
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Figure 19: Normalized output power (w.r.t. to its maximum value) and

efficiency at the resonant frequencies.

54



12+ 5 0.8
z H
s 2
g 2
g o11f uy 2 06
3 3
& u 3
3 1 N 04
5 H
: I~ :

09 - 2

\1 02+

oslAB ,ic D iE F G 0 =t .
0o Kk o1 Kk o2 03 0.4 05 08 0.9 1 11 12 13
Coupling coefficient Normalized frequency

Figure 20: Normalized output power (w.r.t. its maximum value) for the values
of the coupling coefficient at sections A, B, ..., G in Figs. 18 and 19.

55



Conclusions for two rts networks

e The problem of measuring wireless power transfer (WPT) links has
been considered. Importance of taking into account:

1. power measurement in addition to scattering parameters;
2. meaningful normalization i.e. conjugate image impedances
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Conclusions for two rts networks

e The problem of measuring wireless power transfer (WPT) links has
been considered. Importance of taking into account:

1. power measurement in addition to scattering parameters;
2. meaningful normalization i.e. conjugate image impedances
e The conjugate image impedances have been defined and their
computation has been described.
e When the load is kept fixed, by operating at a frequency for which
we have a zero input reactance , we can achieve
coupling—independent WPT.
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Three-Ports Networks




Three-Ports Networks

Two different configurations have been investigated.
In one case a single transmitter and two receivers are present.
In the other case two transmitters and a single receiver are employed.

For each case optimal analytical solutions for the load values that
maximize power delivered to the load(s) and efficiency have been found
and validated by comparisons with circuit simulations.

Figure 21: Experiment setup showing three coils resonators.
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Introduction

For the case of a single transmitter—single receiver link, the problem of
power and efficiency maximization has been analyzed in the literature
[2]-[4] and closed form formulas are available.

However, WPT links using either multiple receivers and/or multiple
transmitters are of interest [3].

According to the two—port network formalism adopted for a single
transmitter—single receiver link, these links can be modeled by using an
N—port network where each port is terminated on a transmitter or a
receiver.

For multiple receivers and/or transmitters WPT links, some useful results
were reported in [5]-[6].
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Introduction: state of the art

The problem of efficiency maximization has been solved in [5] for the
case of a single transmitter—multiple (uncoupled) receivers link, while in
[6] a solution for the case of a two transmitters—single receiver link has
been presented.

As for the case of maximizing the power delivered to the load (loads), the
solution for a single transmitter—two receivers link has been presented at
the APMC 2015 held in Nanjing [7] for the case of uncoupled receivers.

Here the previous analysis is extended to the case of coupled receivers
and to the case of a two transmitters—single receiver link.

The general case of non zero mutual couplings between all the three
resonators is considered and solved.
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single transmitter—two receivers link

For a single transmitter—two receivers link, it is shown that the loads that
realize both power and efficiency maximization are purely resistive when

the receivers are uncoupled.

It is also demonstrated that the solution for the case when the receivers
are coupled is the same as for the uncoupled case except for the presence

of appropriate compensating reactances.
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Two transmitters—single receiver configuration

For the two transmitters—single receiver configuration, it is demonstrated
that the load that realizes power and efficiency maximization is resistive
for the case where the transmitters are uncoupled.

In the case when a coupling between the transmitters is present, the
optimum load remains purely resistive for efficiency maximization, while a

compensating reactance is necessary for power maximization.

For all the analyzed configurations the closed form analytical formulas are
derived and validated by comparison with circuit simulation results.
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Problem Description

A three-port network consisting of three magnetically coupled LC
resonators is considered. The inductance and the capacitance of the i-th
resonator are denoted with L; and C;, while the mutual inductance
between the i-th and the j-th resonator is denoted with Mj; = kji\/LiL; .

It is assumed that the resonators are synchronous: wq = /GiL;,

i =1,2,3. In addition, losses are taken into account by means of
equivalent series resistances r; related to the respective quality factors Q;
by the standard relationships Q; = wol;/r;, i =1,2,3.

At resonance, the following expression can be derived for the impedance
matrix of the three-port network:

no Jjxi X3
Z = _jX]_2 r _jX23 (46)
Jxi3 Jjx3 13

where:

Xij = (.L)M,'j (47) 63



Introduction: state of the art

Two different configurations of the network are considered:

e single transmitter—two receivers (1TX-2RX)
e two transmitters—single receiver (2TX-1RX).

Two different solutions of the load impedances are considered:

e the Maximum Power Delivered to the Load (MPDL) solution

Z = R}, + jX[ that maximizes the total active power on the load
(loads)

Pi,ror = Z Pri= Z %RLI|/:‘|2 (48)
e the Maximum Power Transfer Efficiency (MPTE) solution
ZF = Rf; + jX[; that maximizes the efficiency of the link defined as
- Piror _ Pi,tor
Pin 7ot Pa1 4 Pa2 + Pyz + Pr 701
where Pi, o7 is the total power delivered to the network by the
generators (generator).

(49)
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One transmitter and two receivers configuration (1TX-2RX)

A voltage generator of amplitude V; is placed at port 1, while port 2 and
port 3 are terminated on two loads Z;; = Ry; + jX.i, i = 2,3.

It is convenient to introduce the following parameters

2
2 _ Xy
= = 50
Xij rr, (50)
and
62 =1+ X%, + xis- (51)

Figure 22: Three—port network showing one transmitter at port 1 and two

receivers at port 2 and 3.
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1TX-2RX, Uncoupled receivers

For xp3 = 0 both the MPDL and the MPTE solutions are purely resistive
(i.e., Zf,./e = Rf,./e) and that the MPDL load is always greater than the

MPTE one.

The analytical formulas of the MPTE loads are:

RE2 = r29

RE?’ = r39 . (52)
For the MPDL loads:

RII_JZ = r2€2

Rf3 = . (53)

with
0> =1+ x3, +xis.-
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1TX-2RX, Coupled receivers /1

The general condition for maximum power transfer has been derived in
[1] and is expressed by the following relation:

1= (Zo+2Zy) 'Eo (54)
where ,
Xl +r A X12 X13
Z,=| = 2 JX2X32+ & ' (55)
J X3 + 2L 2t

is the impedance matrix of the two-port network obtained when the
voltage generator on port one is short—circuited and

5, =42 (X”) (56)
r X13

are Thevenin's equivalent voltage generators on ports two and three. By
using (54), the following expression can be derived for the load currents

[8]:
jV1 X12.
I=2_= (2] .
262 <X13> (57) 67
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1TX-2RX, Coupled receivers

The corresponding voltages V are given by V = Eq — Zo(Zo + Z§) 1Eo

as:
vl (aﬁﬁz +fff) | (58)

X12X23 ; X13
2 62r1r2 +J rn

By dividing terms by terms the voltages V and the currents | the sought
load impedances Z;; = Ry; + jX; with i = 2,3 can be derived:

sz = r2/)2
r2 X13 X23
Xip = ———
3 X12
P o 2
RL3 = I”3/)
3 X12 X23
Xz = —22728 (59)
2 Xi3

It is possible to shown that these results are also valid for the case of
maximum efficiency: the real parts of the MPTE solutions are the same
as calculated for the uncoupled case, while the imaginary parts are the

reactances given in (59).
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2TX-1RX

Figure 23: Three—port network showing two transmitters at port 2 and 3 and
one receiver at port 1.

In this case, the total power on the loads and the efficiency of the link are
given by:

Piror = Pux
P _ Pr1
Pin1 + Pin2 Pai1 + Pa2 + Pz + Pr1

n o= (60)
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2TX-1RX, Uncoupled receivers (computations)

Assuming that the voltage generators have unit amplitude (i.e.,
Vo = V3 = 1V), the following expressions can be derived for the currents:

X3+ X

= A
/ rs R+ x5 — xi2xiz +nrs
2 A
Ry —xexs+xb+nr
= ~Ra 12 Z 2tnr (61)
Where the factor A has been introduced, which is defined as:
A=nnRi+nxs+nxs>+nnrs (62)
By using (61), for the powers dissipated on the resistances rj, i = 1,2,3 we get:
1
Psn = Az (px3+nr ><12)2
1 > 2
P, = @rg (rg Ri1 4+ xi3 — xi2 x13 + 1 f3)
1 2
Pz = @fs (fz Ri1 — x12 x13 + X122 +n fz) (63)
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2TX-1RX, Uncoupled receivers

similarly, for the power on the load we have:
1
Pi = E(fz X13 + 13 X12)2 R (64)
By taking the derivative of (64) w.r.t. R;; and equating it to zero, the
following value can be obtained for the MPDL load:

RP, = n6? (65)
As for the MPTE load, from (63) and (64) the following expression can
be derived:
Re _ (312 — x13)?
=ndy 1+ -—"- (66)

rn(rn+rn)
This result is different from the result presented in [6]. In particular, by

comparing equation (16) of [6] and (66), it can be seen that they are
equivalent only in the case x;o = xy3. In fact, according to (66) when

x12 = X13 the expression of R, is simplified as follows:

Rfl = r10- (67)
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2TX-1RX, Coupled receivers (x; # 0)

The Thevenin's equivalent representation of the network with impedance
matrix given by (46) can be obtained by considering the open circuit
voltage at port one, V..

The equivalent impedance can be computed by considering the matrix
Y = Z~!in (46) and by taking the element y;;. The equivalent
impedance seen from port one when the two voltage generators are
short—circuited Zy1, is given by Zs; = 1/y11 or equivalently:

02 +x3 2 j X12 X13 X23
Zser=n 223 - 2 (68)
1 —+ X23 X23 —+ 3

The optimal impedance Z = R + jX[ for maximum power transfer is

the conjugate of Zs; and is therefore given by:

p 0% + X§3
Rii = n 2
1+ x33
X12 X13 X23
XP = 2=—"""= 69
L X3+ s (69)
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2TX-1RX, Coupled receivers

As for the MPTE solution, by considering the equations of the currents,
computing the powers and efficiency as in (64), (49) and finding the zero of
the derivative w.r.t. to Ry, the following closed form expression can be derived:

a = ('1 X123 +2nx2x3+n X122 + *12 3+ '12 '2) X§3
b= iyt ((+n)da+2nnnmtnn) g
¢ = 2nxpxs+ (2 X +2nmr X12> x13
d = nxy+(ng+2n rrs) By r i dn
2
e = (3+n) (B3+nn)
s a+b—c+d
RE = e
X, = o (70)

It is worth observing that, according to (69)-(70) in the 2TX-1RX
configuration with coupled transmitters the MPDL solution is complex
(i.e., X #0), whereas the MPTE solution is purely resistive as in the
case of uncoupled transmitters.
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Summary of the results for the

Table 6: Analytical formulas obtained for the MPDL (columns 2 and 3) and
the MPTE solutions (columns 4 and 5) for the 1TX-2RX configuration. It is
assumed that a generator is present at port 1, while port 2 and port 3 are
terminated on a load Z;; = Ry + jXui, i =1,2.

Parameter | uncoup. coup. uncoup. coup.
RX RX RX RX
MPDL MPDL MPTE MPTE

RL2 r292 = r29 =
RL3 r392 = r39 =
XL2 0 _ R Xi13x03 0 __hXxi3 X3
r3 X1z r3 X1z
__ I3 X120 Xp3 __ 13 x12x03
XL3 0 r xi3 0 r xi3
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Summary of the results for the

Table 7: Analytical formulas obtained for the MPDL solution.

Parameter | uncoup. coup.
™ ™
2 2
2 0°+x3
Ri1 614 NTng
X12 X13 X23
X1 0 | 2w

Table 8: As in the previous table but for the MPTE solution.

Parameter uncoup. coup.
RX RX
o —x13)? [atb—
R né,/1+ (V:frzilé)) a+bec+d
X 0 0
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Analyzed configuration

Li=L1uH Li=L1uH
Ri=rl Ohm Ri=rl Obm

C=C1 pF L2=12uH C=C1 pF L2=L2uH
R2=12 Obm

L3=L3uH
R3=r3 Ohm
K1_2k12
K1_3=k13
K2_3=k23

R=RL1 Ohm

R=RL2 Ohm = | Mag=1V'

Mag=1V

2TX-1RX

Figure 24: Schematic of the circuits analyzed by circuit simulations for the
1Tx-2RX configuration (on the left) and the 2TX-1RX configuration (on the
right).
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Analyzed configuration 2

Table 9: WPT link consisting of three coupled resonators. Three different
cases are considered: the case where resonator 1 is equally coupled with
resonators 2 and 3, while resonators 2 and 3 are uncoupled (case A); the case
where resonator 1 is differently coupled with resonators 2 and 3, while
resonators 2 and 3 are uncoupled (case B); the case where all the resonators
are coupled and all the mutual couplings are different (case C).

Parameter case A case B | case C

% 6.78MHz | — -
Li=L=1L3 4.59 yH = =
G=G =G | 120pF = =
Q=Q=0 270 = =

k1o 0.15 = =
kis 0.15 01 =
ko3 0.00 = 0.09
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Results for the 1TX-2RX configuration

Table 10: Results obtained by circuit simulations for the 1TX-2RX
configuration of the three coupled resonators described in Table 9. We have
assumed that a 1V generator is present at port 1, while port 2 and port 3 are
terminated on a load Z;; = Ry + jXui, i = 1,2. The results for case C have
been calculated by adding two series compensating capacitances to R;» and
Ri3. The powers are in mW and the resistances are in Q.

Parameter | MPDL | MPDL | MPTE | MPTE
case B | case C | case B | case C
R 1716.5 = 35.25 =
Ri3 1716.5 = 35.25 =
X2 0 -11.73 0 -11.73
X3 0 -26.4 0 -26.4
Pa1 172.75 = 0.29 =
Pa2 0.05 = 0.19 =
P43 0.022 = 0.09 =
Pra 119.45 = 9.42 =
Pi3 53.09 = 4.19 =
PL,TOT 172.53 = 13.61 =
n 0.50 = 0.96 =
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Results for the 1T

P tor (MW)
17300 1000

155.75
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121.25
104.00
86.75
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52.25
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R

000 10 100
R.(Q) R.(Q)

Figure 25: Results obtained by circuit simulations for the 1TX-2RX
configuration: total power and efficiency behavior for case B.

As for case C, as it can be seen from Table 10, circuit simulations
confirm that the use of the compensating reactances Xi;, corresponding
to two series capacitances (C., = 2nF, C.3 = 0.889nF), allows retrieving
the same results obtained for the uncoupled case (i.e., case B).
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Configuration 2TX-1RX

Table 11: Results calculated by circuit simulations for the 2TX-1RX
configuration: maximum power case. The element values are listed in Table 9;
we have assumed that a 1V generator is present at port 1 and at port 2. The
powers are in mW and the resistances are in €.

Parameter | case A | case B | case C

Ri1 2375.8 | 1716.5 3.6

X1 0 0 65.068
Pa1 0.11 0.14 53.43
Pa> 172.66 | 123.72 | 66.08

Py3 172.66 | 261.59 | 148.48
Pr1 345.12 | 331.8 | 265.61
n 0.5 0.46 0.5
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Configuration 2TX-1RX

Table 12: Results calculated by circuit simulations for the 2TX-1RX
configuration: maximum efficiency case. We have assumed that a 1V
generator is present at port 1 and at port 2. The powers are in mW and the

resistances are in Q.

Parameter | case A | case B | case C
Ri1 415 338.4 37.2
X1 0 0 0
Pa1 0.4 0.39 0.47
P4 0.21 0.92 0.30
P43 0.21 88.34 0.35
Pry 23.29 | 182.57 | 24.28

n 0.97 0.67 0.96
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Configuration 2TX-1RX

400 : : : : 400
300 300
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Figure 26: Results obtained for the 2TX-1RX configuration: power on the load
calculated by circuit simulations for case A and B.
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Configuration 2TX-1RX

300 T T T T 30
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Figure 27: Results calculated for the 2TX-1RX configuration. Power on the
load calculated by circuit simulations for case C: results obtained with and

without the compensating reactance Xi;. 83



Configuration 2TX-1RX
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Figure 28: Results calculated for the 2TX-1RX configuration: results obtained
by circuit simulations for the efficiency.
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Conclusions for three—ports

Two different configurations have been examined, solved and validated in
all cases.

For the 1TX-2RX configuration, it has been demonstrated that the loads
that maximize both the efficiency and the power are purely resistive;
whereas, reactive compensating elements are necessary when the
receivers are coupled. More specifically, it has been shown that the
solutions for the coupled case are the same as the uncoupled case except
for the necessity of adding appropriate compensating reactances.

For the 2TX-1RX configuration, the load that realizes the MPTE
condition is purely resistive for both the case of uncoupled and coupled
transmitters. Conversely, the load that realize MPDL is purely resistive in
the case where the transmitters are uncoupled, while it is complex in the
case of coupled transmitters. In the case coupled TX use of the

compensating reactances allows to retrieve about 10 times more power!
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