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Preface

A few years ago when I was about to teach another EMC fundamentals course for
the industry, I was contacted by some of the participants asking about a textbook for the
course. Then I realized that there is no single self-contained book covering the topics
of mathematic, electric circuits and electromagnetics with the focus on EMC. There
is a plethora of books devoted to each of these subjects separately and each written for
a general audience. It was then that the idea of writing this book was born.

This text reviews the fundamentals of mathematics, electric circuits, and electromag-
netics specifically needed for the study of EMC. Each chapter reviews the material per-
tinent to EMC and concludes with practical EMC examples illustrating the applicability
of the discussed topics. The book is intended as a reference and a refresher for both the
practicing professionals and the new EMC engineers entering the field.

This book also provides a background material helpful in following the two classical
texts on EMC: Clayton Paul’s “Introduction to Electromagnetic Compatibility” (Wiley,
2006) and Henry Ott’s “Electromagnetic Compatibility Engineering” (Wiley, 2009).
Many formulas in those two books (presented without derivations) are derived from
basic principles in this text.

This approach provides the reader with the understanding of the underlying assump-
tions and the confidence in using the final results. This insight is invaluable in the field
of EMC where so many design rules and principles are based on several approximations
and are only valid when the underlying assumptions are met.

The author owes a great deal of gratitude for the insight and knowledge gained
from the association with colleagues from the EMC lab at Gentex Corporation
(Bill Spence and Pete Vander Wel) and the EMC specialists and friends at E3
Compliance LLC (Jim Teune and Scott Mee). The author would also like to thank
Mark Steffka for his guidance and help over the past ten years. Finally, the author
would like to acknowledge the support of Grand Valley State University and especially
its engineering dean Paul Plotkowski who was instrumental in the creation of the
EMC Center, greatly contributing to the EMC education and the publication of
this book.

Bogdan Adamczyk
Grand Rapids, Michigan, September 2016
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Matrix and Vector Algebra

Matrices and determinants are very powerful tools in circuit analysis and electromag-
netics. Matrices are useful because they enable us to replace an array of many entries as
a single symbol and perform operations in a compact symbolic form.

We begin this chapter by defining a matrix, followed by the algebraic operations and
properties. We will conclude this chapter by showing practical EMC-related applica-
tions of matrix algebra.

1.1 Basic Concepts and Operations

A matrix is a mathematical structure consisting of rows and columns of elements (often
numbers or functions) enclosed in brackets (Kreyszig, 1999, p. 305).
For example,

6 5 2
A=3 2 0 (1.1)
7 1 4

The entries in matrix A are real numbers. Matrices L and Cin Eq. (1.2) are the matrices
containing per-unit-length inductances and capacitances, respectively, representing a
crosstalk model of transmission lines (Paul, 2006, p. 567). (We will discuss the details of
this model later in this chapter.)

I 1, cg+Cm —Cy
L= Ly x| C= —Cy  Cr+Cu (1.2)
We denote matrices by capital boldface letters. It is often convenient, especially when

discussing matric operations and properties, to represent a matrix in terms of its gen-
eral entry in brackets:

a; G o iy
dyy  dyy Ay,

A=[a;]=| © T . . (1.3)
Anl Am2 Gy

Foundations of Electromagnetic Compatibility with Practical Applications, First Edition. Bogdan Adamczyk.
© 2017 John Wiley & Sons Ltd. Published 2017 by John Wiley & Sons Ltd.
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Here, A is an m x n matrix; that is, a matrix with # rows and # columns.

In the double-subscript notation for the entries, the first subscript always denotes the
row and the second the column in which the given entry stands. Thus 4,3 is the entry in
the second row and third column.

If m =n, we call A an # x n square matrix. Square matrices are particularly important,
as we shall see.

A matrix that has only one column is often called a column vector. For example,

V( t){‘v/ig Zﬂ 1(z, t):[ji Ez zﬂ (1.4

Here, V and I are the column vectors representing the voltages and currents, respec-
tively, associated with the crosstalk model of transmission lines (Paul, 2006, p. 566).

Equality of Matrices 'We say that two matrices have the same size if they are both m x n.

Two matrices A =[a;] and B=[b;] are equal, written A =B, if they are of the same
size and the corresponding entries are equal; that is, a1; = by, a12=b1,, and so on. For
example, let

a;y  dyp 7 -4
A= ay ap | B= 5 8 (1.5)

Then A=B 1mphes that an= 7, aig= -4, a1 = 2, and A = 8.

Matrix Addition and Scalar Multiplication Just like the matrix equality, matrix addition
and scalar multiplication are intuitive concepts, for they follow the laws of numbers.
(We point this out because matrix multiplication, to be defined shortly, is not an
intuitive operation.)

Addition is defined for matrices of the same size. The sum of two matrices, A and B,
written, A +B, is a matrix whose entries are obtained by adding the corresponding
entries of A and B. That is,

A a;; ap B by by A+Bo a +by an+by (16)
an an | | by | @by an+by '

The product of any matrix A and any scalar k, written kA, is the matrix obtained by
multiplying each element of A by k. That is,

da;n  ap kay,  kay,
A= , kA= (1.7)
ay  dxp kay, kay,

From the familiar laws for numbers, we obtain similar laws for matrix addition and
scalar multiplication.

A+B=B+A (1.82)

k(A +B)=kA +kB (1.8b)
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A+0=A (1.8¢)
A+(-A)=0 (1.8d)
1A=A (1.8e)
0A=0 (1.8)

There is one more algebraic operation: the multiplication of matrices by matrices.
Since this operation does not follow the familiar rule of number multiplication we
devote a separate section to it.

1.2 Matrix Multiplication

Matrix multiplication means multiplying matrices by matrices. Recall: matrices are
added by adding corresponding entries, as shown in Eq. (1.6). Matrix multiplication
could be defined in a similar manner:

A- a1 A B= bll b12
lan an| | ba bn |
But it is not. Why? Because it is not useful.

The definition of multiplication seems artificial, but it is motivated by the use of
matrices in solving the systems of equations.

anby  ayby

anby  anb
:{ e 12} (incorrect) (1.9)

Matrix Multiplication  1f A =[a;;] is an m x n matrix and B =[b;] is an n x p matrix, then
the product of A and B, AB=C=[c;], is an m x p matrix defined by

n

Cij = zﬂikbkj =anbij +apbyj +---+ay,by,
k=1

i=12,...m; j=12,.,p

(1.10)

Note that AB is defined only when the number of columns of A is the same as the
number of rows of B. Therefore, while in some cases we can calculate the product AB,
of matrix A by matrix B, the product BA, of matrix B by matrix A, may not be defined.

We also observe that the (ij) entry in C is obtained by using the ith row of A and the
jth column of B.

an  dip o iy
Ay Gy Gy, | b by e blj blp €1 C2 r Cip
by by - b2;‘ b2p Cy1  Cxp "t Cp
: o, N N : : (1.11)
a; ;o Ay : : Cij :
: bnl bn2 e bn]' e bnp Cm1i Cm2 *° Cup
Aml A2 Gy

5
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Example 1.1 Matrix multiplication

7 2 6 4
A=l1 g B=l5 o)

7 26 4] [7-6+2-5 7-4+2-2] [52 32
B=11 sls 2[7|16+85 1.4+82| |46 20

n
Example 1.2 Multiplication of a matrix and a vector
4 2|3 4-342-7 26
1 87| |1-3+8:7 | |59
314 2], defined
whereas 21| 1 g |is undefined. .

Itis important to note that unlike number multiplication, multiplication of two square
matrices is not, in general, commutative. That is, in general, AB = AB

Example 1.3 Multiplication of matrices in a reverse order
Using the matrices from Example 1.1, but multiplying them in a reverse order, we get

7 2 6 4
=11 s B7|5 2

6 41[7 2] [6-7+4-1 6-2+4-8] [46 44
BA=lo 5ll1 8|7|5.742:1 5.242.8|7[37 26

which differs from the result obtained in Example 1.1.

A

1.3 Special Matrices

The most important special matrices are the diagonal matrix, the identity matrix, and
the inverse of a given matrix.

Diagonal Matrix A diagonal matrix is a square matrix that can have non-zero entries

only on the main diagonal. Any entry above or below the main diagonal must be zero.
For example,

A=|0 -3 0 (1.12)
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Identity Matrix A diagonal matrix whose entries on the main diagonal are all 1 is called
an identity matrix and is denoted by I,, or simply L.
For example,

1 00
I=[0 1 0 (1.13)
0 0 1
The identity matrix has the following important property
AI=IA=A (1.14)
where A and I are square matrices of the same size.
Also, for any vector b we have
Ib=b (1.15)

where the identity matrix is of the appropriate size.

1.4 Matrices and Determinants

If we were to associate a single number with a square matrix, what would it be? The
largest element, the sum of all elements, or maybe the product? It turns out that there is
one very useful single number called the determinant.

For a 2 x 2 matrix, we can obtain its determinant using the following approach:

ZV V)
det A= =d1140y) —ay1a12 (116)

ay1  dx

Note that we denote determinant by using bars (whereas we denote the matrices by
using brackets).

Example 1.4 Determinant of a 2 x 2 matrix

3 5

o =36-25=8

The procedure for obtaining the determinant for a 3 x 3 matrix is a bit more involved.
Let the matrix A be specified as

an diz 43
A= a1 dyy Ay (1.17)

azy  dsz  ds3

7
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Its determinant
a1 dip a3
detA = ay; dyy drs

az; dszx  ds3

(1.18)

can be obtained using the following procedure. Let’s create an augmented “determi-

nant” by rewriting the first two rows underneath the original ones:

an 4z di3
daxy dyy dj3
det,,, A=|d31 daz ds
an 4z 413

ay1 Gy dy3

(1.19)

then the value of det A can be obtained by adding and subtracting the triples of numbers

from the augmented determinant as follows:

det A =

21 22 3

= 6111022033 + a21a22al3+ 0316112023

Ty A1y ayy— A A5y 0,y — Ay )0

Example 1.5 Determinant of a 3 x 3 matrix
Calculate determinant of a matrix A given by

6 1 3
A=|7 -2 5
-9 8 4

Solution: Create and evaluate the augmented determinant.

=@ E)@B+MDE G+ M G)
(DM H-6)®) () -9 (-2) 3)=-247

(1.20)
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Why do we need to know how to obtain a second- or third-order determinant?
Obviously, we could use a calculator or a software program to do that for us. There are
numerous occasions when the software or a calculator would not be able to handle the
calculations.

As we will later see, when discussing capacitive termination to a transmission line, we
will need to obtain a symbolic solution in a proper form; even if we had access to a
symbolic-calculation software, its output, in most cases, would not be in a useful form.

When discussing Maxwell’s equations, we will need to evaluate a third-order determi-
nant whose entries are vectors, vector components, and differential operators. This can
only be done by hand.

1.5 Inverse of a Matrix

An inverse of a square matrix A (when it exists) is another matrix of the same size,
denoted A™. This new matrix, is perhaps, the most useful matrix in matrix algebra.
The inverse of a matrix has the following property of paramount importance

AAT=ATA=1 (1.21)

Given a square matrix of numbers we can easily obtain its inverse using a calculator
or an appropriate software package. In many engineering calculations, however, we
need to obtain the inverse of a 2 x 2 matrix in a symbolic form.

Let
(2SS 75D)
A= (1.22)
ay1  dx
Then the inverse of A can be obtained as
a —a
R (1.23)
detA|—dxn an

Example 1.6 Inverse of a 2 x 2 matrix
Obtain the inverse of

A 4 3
12 5
Solution: According to Eq. (1.23) the inverse of A is

-1
Al 4 3 _ 1 5 -3
2 5 4 3|1-2 4

2 5
5 3
D S R4 I A VRV
20-6-2 4 2 4

14 14

9
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Verification:
5 3 3 206 -12+12
aaio|f 3 e 1| 1a 4 |_|1 0
2 5 _i i 10-10 —-6+20 01
14 14 14 14 n

1.6 Matrices and Systems of Equations

We will now explain the reason behind the “unnatural” definition of matrix multiplica-
tion. Consider a system of equations:

A% + 1%y + di3xs = by
ay1X1 + AyXy + dxz X3y = bz (1.24:)

Az1% + Az Xy + az3x; = by

Let’s define three matrices as follows:

a; dip a3 X1 b
A= ay; dyy drz3 |, X=| X |, b= bz (1.25)
a3 dz  dz3 X3 by

Then the system of equations (1.24) can be written in compact form using matrices
defined by Eq. (1.25) as

Ax=b (1.26)
Since
a1 dip diz || X%

Ax=|ay axn ay | x

a31 dszx  dsz || X3

= (1.27)
ayx) +apX; ta;sxs by
=| dy%y +anx; +dyuxs |=| b, |=b
az1X) +dsy Xy +dsz3Xs by

and two matrices are equal when their corresponding entries are equal. Thus, Eqs (1.24)
and (1.27) are equivalent.

Equation (1.26) shows one of the benefits of using matrices: a system of linear equa-
tion can be expressed in a compact form. An even more important benefit is the fact
that we can obtain the solution to the system of equations by manipulating the matrices
in a symbolic form instead of the equations themselves. This will be shown in the next
section.
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1.7 Solution of Systems of Equations
Consider a system of equations:
Ax=b (1.28)
If the inverse of A exists, then premultiplication of Eq. (1.28) by A~ results in
AT'Ax=A"b (1.29)
Since A'A =1, it follows
Ix=A"b (1.30)
Because Ix =x, we obtain the solution to Eq. (1.28) as

x=A"'b (1.31)

Example 1.7 Solution of systems of equations using matrix inverse
Obtain the solution of

4x, +3xy =12
2x1 + 5x2 =-8

using matrix inversion.

Solution: Our system of equations in matrix form can be written as

O

According to Eq. (1.31), the solution, therefore, can be written as

2T

Utilizing the result of Example 1.6, we have

4 3T S 3
w| [4 3]7[12] |1y Tiq |12
x| |2 5 |8 | 2 4 |-8

. 14

11
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1.8 Cramer’s Rule

As we have seen, we can obtain a solution to a system of equations using matrix inver-
sion. When dealing with 2 x 2 matrices, it is sometimes more expedient to use an alter-
native approach using Cramer’s rule.

Let the system of equations be given by

Ay +apx, =b

1.32
A%, +anXx; = b, ( )
or in a matrix form:
Ax=b (1.33)

where

an dip X1 b
NG -

The main determinant of the system is

a1 ap
D= (1.35a)

dy;  d

Let’s create two additional determinants D; by replacing the first column of D with
the column vector b, and the determinant D, by replacing the second column of D
by the column vector b. That is,

b @,
D, = by ay (1.35b)
D, & (1.35¢)
= .35¢

? ay b

Then the solution of the system of equations in (1.32) is

D D,
X =—, x%=—, D=#0 1.36
1= =g (1.36)

Example 1.8 Solution of systems of equations using Cramer’s rule
We will use the same system of equations as in Example 1.7.

4, +3x, =12
le + 5x2 =-8
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Using Cramer’s rule we obtain the solutions as

12 3
L8 (12)5)-(-8)3)
43 (4)(5)-(2)(3)

2 5
‘12 3‘
2y = S (4)(8)-(2)(12) _
43 (4)(5)-(2)(3)
2 5

which, of course, agrees with the solution of the previous example.

1.9 Vector Operations

In this section we define two fundamental operations on them: scalar product and
vector product.

1.9.1 Scalar Product

Scalar product (or inner product, or dot product) of two vectors A and B, denoted A -B,
is defined as

A - B=|A|B|cosy (1.37)
where 0<y <7 is the angle between A and B (computed when the vectors have their
initial points coinciding).

Note that the result of a scalar product, as the name indicates, is a scalar (number).

Also note that when two vectors are perpendicular to each other, their scalar product
is zero.

if y=90° = cosy=0 (1.38)

The order of multiplication in a scalar product does not matter, that is,
A-B=B-A (1.39)

1.9.2 Vector Product

Vector product (or cross product) of two vectors A and B, denoted A x B, is defined as a
vector V whose length is

|V|=|A|B]siny (1.40)

where 7y is the angle between A and B, and whose direction is perpendicular to both
A and B and is such that A, B, and V, in this order, form a right-handed triple.

13
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Note that a vector product results in a vector. Also note that when two vectors are
parallel to each other, their vector product is a zero vector.

if y=0° = siny=0 (1.41)

The order of multiplication in a vector product does matter, since
AxB=-BxA (1.42)

1.10 EMC Applications

1.10.1 Crosstalk Model of Transmission Lines

In this section we will show how the matrices can be used to describe a mathematical
model of the crosstalk between wires in cables or between PCB traces.

Crosstalk occurs when a signal on one pair of conductors couples to an adjacent pair
of conductors, causing an unintended reception of that signal at the terminals of the
second pair of conductors. Figure 1.1 shows a PCB specifically designed to produce this
phenomenon.

PCB geometry is shown in Figure 1.2(a) and the corresponding circuit model is shown
in Figure 1.2(b).

A pair of parallel conductors called the generator (aggressor) circuit connects a source
represented by Vs and R; to a load represented by R;. Another pair of parallel conduc-
tors is adjacent to the generator line. These conductors, the receptor (or victim) circuit,
are terminated at the near and far end. Signals in the generator circuit induce voltages
across the receptor circuit terminations (Adamczyk and Teune, 2009). This is shown in
Figure 1.3.

The generator and receptor circuits have per-unit-length self inductances /g and Ig,
respectively, associated with them, and a per-unit-length mutual inductance /,, between
the two circuits. The per-unit-length self-capacitances between the generator conduc-
tor and the reference conductor and between the receptor conductor and the reference
conductor are represented by cg and cg, respectively. The per-unit-length mutual

Figure 1.1 PCB used for creating crosstalk between traces.
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(@) (b)
Ge’ﬁ”m’ Receptor Ry (2 1) Generator conductor
* Receptor conductor
120} Fo Ve Izt + R,
RNE VNE VR(Z’ t) VFE RFE
_IG(Z’ t) + IR(Z, t)_
Ground plane

Z=0 Reference conductor Z=L

Figure 1.2 Three-conductor transmission line: (a) PCB arrangement; (b) circuit model.

Run i
: : : : '
Aggresspr signgl : 1

25 mils g

 Fallitimie = 200 ns

<! Rise time =5100 ns

Case 1 54.8 mils

P _somvet, @ @ 100mveh }[ZOOns ][S.OOGS/s il & o 000

i+ —288.000ns

10k points

Figure 1.3 Crosstalk induced by the aggressor circuit in the victim circuit.

capacitance between the generator and receptor conductors is represented by c,,. This
is shown in Figure 1.4.
Differential equations describing the model in Figure 1.4 are (Paul, 2006, pp. 565—566):

GVG(z,t)_ I alG(Z,t) I aIR(Z,t)
—TlG “im

(1.43a)
0z Ot ot
6VR (Z; t):—l aIG (Z1 t)—l aIR (Z) t) (1 43b)
oz " ot R ot ’
Us(zt) =—(cg +c )aVG (z.0) + OVl t) (1.43¢)
oz " ot " ot

15
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I5(z, 1) lgAz Is(z+ Az 1)
— . Generator conductor —
+ "
Illlr
‘ [ 1,Az — ¢, Az
\
) [pAz Ip(z+ Az, t
Ix .t) R Receptor conductor: R(Z—r )
V(;(Zy )]
.
+ +
l Vi(z, 0 —crAz cgAz Vip(z+ Az 1)

Io(z D)+ I(z, 1)

-—

Z

Reference conductor

7+ Az

Figure 1.4 Per-unit length circuit model of three-conductor transmission line.

aIR(Z, t) aVG(Z, t)

oz " o

—(cr+cm)

6VR (Z, t)
ot

Let’s introduce the following matrices:

Vet |y

(=)= LR (2.t)
lc 1,
o

cg +¢,y —Ci
C =
—Ci Ccr+¢Cpy

Equations (1.43) can now be written in a matrix form as:

0 P
Oz t)=L1(z, ¢
5 V(@ 0)=121(z1)

0 0
—I(z,t)=—C—V(z, ¢
(2 1)=-CV(z1)

+

|

Vo(z+ Az 1)

|

(1.43d)

(1.44a)
(1.44b)
(1.44c¢)

(1.44d)

(1.45a)

(1.45b)

To appreciate the usefulness of this matrix form, we will compare it to the two-
conductor transmission lines equations (Paul, 2006, p. 183):
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oV(zt)_ (z1) (1.462)

0z ot

ol(z,t) » oV (z,t)

(1.46b)

oz ot

Notice that the equations in matrix form (1.45) have an appearance identical to that
of the transmission-line equations (1.46) for a two-conductor line. Equations of the
same mathematical form have solutions of the same mathematical form. This is a very
powerful result since two-conductor transmission line theory easily provides consider-
able insight into the theory of multiple-line conductors.

1.10.2 Radiated Susceptibility Test

Radiated susceptibility test RS 101 of MIL STD-461-G and ISO 11452-8 standards
utilizes the radiating loop fixture shown in Figure 1.5.

The fixture used can be modeled as magnetically coupled coils of a transformer
shown in Figure 1.6.

Figure 1.5 Radiating loop fixture.

I M I
Figure 1.6 Coupled coils in the frequency domain. —
ey —
+ L] L ] +
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In Chapter 10 we will derive the following equations governing this circuit

Vi = joLi L, + joMl, (1.47a)
Vs = joMI, + joL,l, (1.47Db)

In matrix form, Eq. (1.47) can be written as

Vi| [joL joM)| L
v, | |jeoM joL || i, (1.48)
The solution of Eq. (1.48) can be obtained by matrix inversion or by Cramer’s rule
discussed in this chapter. Let’s present both methods.

Matrix Inversion Approach  Using matrix inversion, the solution of Eq. (1.48) is
L] [joL joMT'|\V;
A = . . A 1.4
L | [joM joL,| |V, (1.49)

The inverse of the matrix is obtained according to Eq. (1.23) as

joL, joM|" 1 joL,  —joM
[/’a)M ]'601/2} ) m[—ﬂw joL, }
joM  joL,
1 joL, —joM
- -0*LiL, +0*M {—ja)M joL }
i —joM
_ —szlle isz —sziQ +0*M (1.50)
—joM joL,
| —0’LL, +0’M  ~0’LiL, +o°M
i jla —jM
_|o(M-LL) o(M-LL)
—jM jL
o(M-LL) o(M-LL)
And thus
jL —-jiM
L| |e(M-LL) o(M-LL)|V
H L L [VJ (151



resulting in

b v M \

e(M-LL) ' o(M-LL) ®
and

R L S e

P o(M-LL) ' o(M-LL) "

Cramer’s Rule Approach Now we will solve the system of equations

Vi| [joL joM| I,
Vo | |joM  joL, || I,
using the Cramer’s rule approach.

The main determinant of the matrix in Eq. (1.53) is

joM  jol,

=—0’LL, + M

The remaining two determinants are

Vi joM \ .
A =] . =joL,V, — joMV;
1 V, ol ] 1] 2
PO M LV — joMV,
= A~ |=]JO — ]
2 joM v, JwLiVy — ] 1
Therefore,

LA, oLV - joMV,

[ ==L
YA oL, + o’ M

b M
Co(M-LL) ' o(M-LL) "

. A, JOLVy—joMV;

TN Ll +o*M

+
o(M-LL) ' o(M-LL)

The solutions (1.52) and (1.56) are, of course, identical.

Matrix and Vector Algebra

(1.52a)

(1.52b)

(1.53)

(1.54a)

(1.54b)

(1.54¢)

(1.55a)

(1.55b)

19
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1.10.3 s Parameters

To characterize high—frequency circuits, scattering parameters, or s parameters, are
used (Ludwig and Bogdanov, 2009). Just like the other sets of parameters (z, y, 4, g, to be
discussed in Chapter 9), the s parameters completely describe the performance of a
two-port network.

Unlike the other sets of parameters, s parameters do not make use of open-circuit or
short-circuit measurements, but rather relate the traveling waves that are incident,
reflected, and transmitted when a two-port network is inserted into a transmission line.
(We will discuss travelling waves in Chapter 16 and transmission lines in Chapter 17.)

Figure 1.7 shows a two-port network (circuit or device) together with the incident,
reflected, and transmitted waves.

The incident waves (a1, ;) and reflected waves (b, by) used to define s parameters for
a two-port network are shown in Figure 1.8.

The linear equations describing this two-port network in terms of the s parameters are

by =spay +sp2ay

1.56
by = sy ay +spa; ( )

Or in a matrix form,

b _ S Sz || a4 (157)
by - S21 S22 || '

where S is the scattering matrix given by

S= (1.58)
We will discuss s parameters in detail in Chapter 17.

Port 1 Port2
Incident wave . _/\/_..
Circuit
o Transmitted wave

Reflected wave

Figure 1.7 Two-port network and the travelling waves.

Device

Figure 1.8 Incident and reflected waves at port 1 and port 2.
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Coordinate Systems

In this chapter we discuss three coordinate systems frequently encountered in electro-
magnetics: Cartesian, cylindrical, and spherical. In each system we define the relevant
operations and properties. We conclude by showing the transformations between the
systems. These transformations are necessary when deriving the radiation from a
Hertzian dipole, as shown in the EMC applications section at the end of this chapter.

2.1 Cartesian Coordinate System

Cartesian coordinate system is shown in Figure 2.1.

Unit vectors in this system, denoted a,, a,, and a_, are usually drawn at the origin (but
can be drawn at any point in space). They point in the direction of the increasing coor-
dinate variables, and are orthogonal to each other.

A point P can be represented as a triple of numbers

P:(x,9,2) (2.1)

where x, y, and z are called the coordinates of P.
The ranges of the coordinate variables are
—00 < X <00
—00 < § <0 (2.2)

—0<Z<o©

A vector A can be represented as a triple

A=(AA)LA) (2.3)

where A,, A), and A; are called the components of A.

A vector A can be decomposed into a sum of three vectors along the coordinate
directions, as shown in Figure 2.2.

This decomposition can be expressed as

A=A, +A,+A, (2.4)

This seemingly obvious decomposition is extremely useful when evaluating line and
surface integrals, as we shall see.

Foundations of Electromagnetic Compatibility with Practical Applications, First Edition. Bogdan Adamczyk.
© 2017 John Wiley & Sons Ltd. Published 2017 by John Wiley & Sons Ltd.
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z Figure 2.1 Cartesian coordinate system.
P(x,y2)
3
z
aZ
a,
a\ Ca . Ea y
y
X
z Figure 2.2 Vector decomposition.
A
AZ
y
A}C
A,
X

In terms of its components, we can also write
A=(A, A, A)=Aa,+Aa, +Aa, (2.5)

where the unit vectors in terms of their own components are defined as

a, :(1, 0, 0) (2.6a)
a,=(0,1,0) (2.6b)
a,=(0,0,1) (2.6¢)

Since the unit vectors are perpendicular, it follows

a,-a,=a,-a,=a;-a=0 (2.7a)

a,-a,=a,-a,=a,-a =1 (2.7b)
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Figure 2.3 Cross product using cyclic permutations. a

In many electromagnetics problems, we need to determine the direction of a vector
resulting from a vector product of two vectors along the coordinate directions. The
following equations show this result.

a,xa,=a, (2.8a)
a,xa, =a, (2.8b)
a,xa,=a, (2.8¢)

These cross products can be easily obtained with the help of the cyclic permutations
(Sadiku, 2010, p.15) shown in Figure 2.3.

If A and B are represented in terms of components, say, A=(4,, 4,, A;) and
B =(B,, B,, B,), their scalar product is given by

AB=A,B, +A,B, +A,B, (2.9)

The vector product can be obtained by evaluating the following “determinant” (using
the approach discussed in Section 1.5).

a, a, a,

AxB=|A, A A, (2.10)
B, B, B,
Note that
AA=A2+ A2+ A2=|Af (2.11)

and thus, the magnitude of a vector is

|A|= A2+ A + A2 (2.12)
Also,
AxA=0 (2.13)

2.2 (Cylindrical Coordinate System

The cylindrical coordinate system is an extension of a polar system from plane to space.
The cylindrical coordinate system, shown in Figure 2.4, is very convenient whenever we
are dealing with problems having cylindrical symmetry (e.g. coaxial cable).

25
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74 Figure 2.4 Cylindrical coordinate system.

Unit vectors in this system, denoted a,, a,, and a,, are usually not drawn at the origin
but at a convenient point in space. They point in the direction of the increasing coordi-
nate variables, and are orthogonal to each other.

A point P can be represented as a triple of numbers

P:(p, b 2) (2.14)

where p, @, and z are called the coordinates of P.
The ranges of the coordinate variables are

0<p<oo

0<p<2n (2.15)
—00<zZ<©

A vector A can be represented as a triple
A=(A, A A,) (2.16)

where A, A, and A; are called the components of A.
A vector A can be represented as

A=A, +A,+A =A,a,+A5a,+4Aa, (2.17)

The unit vectors in terms of their own components are defined as

a,=(1,0,0) (2.18a)
a, =(0,1,0) (2.18b)

a,=(0,0,1) (2.18c)
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Figure 2.5 Cross product using cyclic permutations in cylindrical a
system.

'\_/ a4
It also follows that
a,-a,=ag-a,=a;-a,=0 (2.19a)
a,-a,=ag-as=a,-a,=1 (2.19b)

With the help of Figure 2.5 we obtain

a,Xa, = az 2.208
P ¢ ( )
a Xaz =a .
a,xXa, =a 2.20C
z P ) ( )

If A and B are represented in terms of components, say, A=(4,,4,,4;) and
B=(B,, B,, B,), their scalar product is given by

A-B=A4,B,+A,By+A,B, (2.21)
The vector product can be obtained by evaluating the following “determinant”:

a, a; a,
AxB=[A, A, A, (2.22)
B, B, B,

The magnitude of the vector is

|A| = A+ A7 + A2 (2.23)

2.3 Spherical Coordinate System

The spherical coordinate system, shown in Figure 2.6, is very convenient whenever we
are dealing with problems having spherical symmetry (e.g. Hertzian dipole described in
Section 2.5).
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28
Figure 2.6 Spherical coordinate system.

Unit vectors in this system, denoted a,, ag, and a,, are usually not drawn at the origin

but again at a convenient point in space. They point in the direction of the increasing

coordinate variables, and are orthogonal to each other.
A point P can be represented as a triple of numbers

P (r,9,¢)

where r, 0, and ¢, are called the coordinates of P.
The ranges of the coordinate variables are

0<r<w
0<0<m
0<p<2n

A vector A can be represented as a triple

A= (4, 40, 4y)

where A,, Ay, and A, are called the components of A.

A vector A can be represented as
A=A, +Ag+A;=Aa, +Apay +Aa,

The unit vectors in terms of their own components are defined as
a, = (1, 0, O)
ap =(0,1,0)

a¢ Z(O, 0, 1)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28a)
(2.28b)

(2.28¢)



Coordinate Systems

Figure 2.7 Cross product using cyclic permutations in spherical a
system.

b\_/ 0
It also follows that
a,-ag=ag-a,=a,-a =0 (2.29a)
a,-a, =ag-ag=ay-a;=1 (2.29b)

With the help of Figure 2.7 we obtain

a,xag =ay (2.30a)
agxay =a, (2.30b)
agxa, =ay (2.30¢)

If A and B are represented in terms of components, say, A=(4,,A4y,A,) and
B =(B,, By, B,), their scalar product is given by

A-B=AB, + AgBy + A,B, (2.31)

The vector product can be obtained by evaluating the following “determinant”:

a, ap ay
AxB=|4, A, A, (2.32)
B, By B

The magnitude of a vector is

A=A + A3 + A} (2.33)

2.4 Transformations between Coordinate Systems

In this section we discuss transformations between Cartesian and cylindrical systems,
as well as the transformations between Cartesian and spherical systems.
2.4.1 Transformation between Cartesian and Cylindrical Systems

The relationships between the variables (x,y,z) of the Cartesian coordinate system and
those of the cylindrical system (p, ¢, z) are easily obtained from Figure 2.8.

29
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z Figure 2.8 Relationship between

in 8 Cartesian and cylindrical variables.
p =rsin

P(x,v2)=P(p, 0,20 =P 0, )

y
'Ilr.u"
Ty
,.r’ff z=rcosf
9/
_.f'r
ﬂW y
X=pcosg
y=psing

Coordinate Transformations from Cartesian to Cylindrical System

p=yx*+y

¢p=tan'Z (2.34)
x
z=z
Coordinate Transformations from Cylindrical to Cartesian System
X =pcos¢g
y=psing (2.35)
z=z

From Figure 2.8 we can geometrically obtain the relationships between the vector
components in the two coordinate systems.

Vector Components Transformations from Cartesian to Cylindrical System (Sadiku, 2010, p. 36)

A, cosp sing 0| A,
Ay |=| —sing cos¢p 0] A, (2.36)
A, 0 0 1A

Vector Components Transformations from Cylindrical to Cartesian System

A, cos¢ —sing O A,
A, |=|sing cosg O A (2.37)
A, 0 0 1|4
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Example 2.1 Coordinate transformations from Cartesian to cylindrical system
Express the point P:(1,—4,-3) in cylindrical coordinates.

Solution:
p=yx>+y* =41+16 =4.1231
—4
p=tan’ Y —tan™ u =-75.96°
X 1
z=z=-3

Thus,
P: (1,—4,—3) =P: (4.1231,—75.96°,—3)

Note: The transformation (4,, A,, A,) = (A, A,, A;) as given by Eq. (2.37) is not
complete. To complete it we need to express sing and cos¢ in terms of x, y, and z.
From Eq. (2.35) we get

x x
Ccosp=—=—— (2.38a)
P IxZ +y2
sing=2=—L (2.38b)

PRy

And thus the transformation (4,, A,, A;) = (4, Ay, A,) can be expressed as

-, -, ;
A, \/x2 +y2 \/x2 +y2 _Ap
A, |= Zy : 2’“ = 0] 4 (2.39)
R

0 0 1

The cylindrical variables appearing in (4,,A,,4,) need to be expressed in terms of
Cartesian variables before the matrix operation takes place, as illustrated by the follow-

ing example.

Example 2.2 Component transformation from cylindrical to Cartesian system
Convert the following vector to Cartesian coordinates:

C=zsing a, —pcosp a, +2pza,
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Using Eq. (2.39) we have

S B - S B O_
2, .2 2, ,2 2, .2 2, .2

C, \/x y+y \/xx+y C, \/x y+y \/xx+y zsing

C, 0]|Cy |= 0|l pcos¢
2, .2 2, .2 2, .2 2, .2
0 0 1 0 0 1

Now that the cylindrical variables appearing in (C,, C4, C,) need to be expressed in

terms of the Cartesian variables before the matrix operation takes place.

Using the relationships. (2.34) and (2.38) we obtain

N

0

e

and thus

HHn

W

(F=7)

2z,/x% +y*

)

x _ J
N N e
y x
\/x2 +y° \/x2 +y°
0 0
[ xyz L ]
zy° x?
2z,/x% + 9

2.4.2 Transformation between Cartesian and Spherical Systems
Coordinate Transformations from Cartesian to Spherical System (Sadiku, 2010, p. 36)
=yx*+y*+2°

2 2

Ay
z

60 =tan (2.40)

¢=tan Ed
x
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Coordinate Transformations from Spherical to Cartesian System

x=rsinfcos¢
y=rsinOsing (2.41)

z=rcosf

Vector Components Transformations from Cartesian to Spherical System

A, sinfcos¢ sinfsing cosO || A,
Ay |=| cosOcos¢ cosOsing —sind || A, (2.42)
Ay —sing cos¢ 0 A,

Vector Components Transformations from Spherical to Cartesian System

A, sinfcos¢ cosOcosg —sing || A,

A, |=|sinOsing cosOsing cosd || Ay (2.43)
A, cos@ —sin6 0 Ay

2.5 EMC Applications

In this section we will show an important EMC application of the Cartesian-to-spherical
systems transformations: derivations of the electric and magnetic fields radiated by a
Hertzian (electric) dipole antenna.

2.5.1 Radiation Fields of an Electric Dipole Antenna

The electric or Hertzian dipole is perhaps the most fundamental antenna that facilitates
the derivation of expressions for electric and magnetic field intensities of many practical
antennas, like the monopole antenna used in EMC compliance testing shown in
Figure 2.9.

We model the Hertzian dipole as a very short current element of length /, carrying a
constant current /. The current element is positioned symmetrically at the origin of the
coordinate system and oriented along the z axis, as shown in Figure 2.10.

In Section 6.7.3 we will show that the electric and magnetic field intensities can be
calculated from the vector magnetic potential A, shown in Figure 2.10. At a distance r
from the dipole, the vector magnetic potential is given by

Il _y.
A(x, ¥, z):ZTore ik a, (2.44a)

where

r=qx+ yz +2° (2.44b)
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Figure 2.9 Monopole antenna used in EMC
compliance testing.

Z 4 Figure 2.10 Hertzian dipole.
A -
., E,
H, &
r/ NE,
y

The vector magnetic potential in Eq. (2.44a) is expressed in Cartesian coordinate
system — with the substitution of Eq. (2.44b) into it. To derive electric and magnetic
field intensities at a distance r from the dipole, it is more convenient to express A in
spherical coordinate system. This transformation is accomplished through:

A, sinfcos¢ sinfsing cosO || A,
Ag |=| cosOcosd cosOsing —sinf || A, (2.45)
Ay —sin ¢ cos ¢ 0 A,
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For this problem A, = A, =0, and thus Eq. (2.45) becomes

A, sinfcos@ sinfsing cosO 0
Ag |=|cosOcos@p cosOsingp —sinf 0 (2.46)
A, —sin @ cos @ 0 pdol o

4mr

Therefore, in spherical coordinate system, the vector magnetic potential is expressed as

r —jkr
%cos@
A nr
4 —jkr
Ay |= —%sin@ (2.47)
A, 0

We will use this result in Section 6.7.4 to derive the radiation fields of a Hertzian
dipole, (Paul, 2006, pp. 422-423):

H,= IZZZ B2 sine{ j$+ §1r2 }e‘fﬁo’ (2.48a)

E =2 I,O;Zi 1032 Cose{ﬁglﬂ —j ﬁglr3 }e—/ﬁor (2.48b)

Ep = Iiil o2 sin@{ﬁ%;r+ ; 31# _ﬁgLﬁ}w (2.48¢)
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3.1 Derivatives

3.1.1 Basic Definition and Formulas

Derivatives describe the rate at which things change. The derivative is defined as

f’(x)=Aljicm0f(x+AZ£_f(x) (3.1)

(We will use this definition when deriving transmission line equations at the end of this
chapter.)

Other Notations for Derivatives Let y be the function of «, that is, y = f(x). We often use
the shorthand notation y’ or f'(x) to denote the derivative of y (Simon, 1982, p. 115).
This notation does not indicate the variable with respect to which the derivative is
evaluated (y could be a function not only of x but also of other variables). In many
applications, it is important to identify that variable. We therefore use the alternative
notation %’ or af(x) to indicate that derivative of y is computed with respect to the

dx dx
variable x.

Derivative Formulas Computing derivatives using the definition (3.1) can be tedious.
Fortunately, such computations are usually unnecessary because there are derivative
formulas that enable us to find the derivatives without computing limits.

Next we will state several useful formulas for derivatives

f(x)=const = f'(x)=0 (3.22)
(x)=x = f(x)=1 (3.2b)
(x)=2" = [f'(x)=ax"" (3.2¢)
f(x)=€* = f'(x)=¢" (3.2d)
(x)=e" = f/(x)=ae™ (3.2¢)

Foundations of Electromagnetic Compatibility with Practical Applications, First Edition. Bogdan Adamczyk.
© 2017 John Wiley & Sons Ltd. Published 2017 by John Wiley & Sons Ltd.
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f(x)=Inx = f’(x)zl, x>0
x

f(x)=sinax = f'(x)=acosax

f(x)=sinx = f'(x)=cosx
f

(x)=cosx = f'(x)=-sinx

f(x)=cosax = f'(x)=-asinax

Derivative Properties:

(af ) =af’

(f+g)=f+¢g

(fe)=rfg+fg

(1)’ fe-f
g g

Example 3.1 Derivative of a product

Let f(x)=2x> +4x and g(x) = x> —1a. Find the derivative of their product.

Solution A: Let’s first multiply the functions out and then take the derivative.

(f2) = (2x® +4x)(x® —1) =2x° —24° +4x® —4x =2x° +2x° —4x

Thus

a
dx dx

Solution B: Let’s make use of Eq. (3.3¢).

f=2x%+4x, f'=6x>+4
g=x*-1, g'=2x

Thus,

(f2) = frg+fg' = (62" +4)(x* 1)+ (2 +4x)(22)
=6x* —6x7 +4x> —4+4x" +8x> =10x" + 6x* — 4

which, of course, agrees with the Solution A.

(fo)= i(2x5 +2x° —4x)=2(5x*)+2(3x*) -4 =10x* + 61> — 4

(3.3a)
(3.3b)

(3.3¢)

(3.3d)



Vector Differential Calculus

Example 3.2 Derivative of a quotient
Let f(x)=2x+4and g(x)=4x—1. Find the derivative of their quotient.

Solution:
(ij' _flg—fg' _2(4x-1)-(2x+4)4 8x-2-8x-16_ 18
g ' (4x -1y’ (4x-1)’ (4x-1)’ .

Second-Order Derivatives
It is often useful to know the derivative of f'; that is, (f’)". This is called the second

2
derivative of f. The notation used is f” or q
dx

Example 3.3 Second derivative
Find the second derivative of y = 6x° —4x> +2x*.
Solution:

y' =30x* —12x% +4x

y"=120x° —24x +4

3.1.2 Composite Function and Chain Rule

The composite function of f(x) and g(x) is a function f(g(x).
For instance:

f(x)=cosx, g(x):\/;. Thenf(g(x))zcos\/;
f(x)=sinx, g(x)=x". Thenf(g(x)):sinx2 and g(g(f)):sinzx

Chain Rule - Derivative of a composite function

[£(g(x)] = f(g(x))-&'(x) (3.4)

Example 3.4 Chain rule
Use the chain rule to differentiate (3x* + 4x)>

Solution:

[(sz vax) } =2(3x” +4ux ) (6 +4)

3.1.3 Partial Derivative

When we have a function of several variables, say f = f(x, ¥, z) we can obtain partial
derivatives. A partial derivative of a function of several variables is its derivative with
respect to one of those variables, with the other variables treated as constants.
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A partial variable of flx, y, z) with respect to x is often denoted as ?, while that with
x
respect to y is denoted by Zl, and so on.

Example 3.5 Partial derivatives

Let f (x, y,z)=3x2 y+2yz. Determine the partial derivatives of f with respect to x,
¥, and z.

Solution:
g:&cy, Y 3 +2z, @:2)/
Ox oy 0Oz -

3.2 Differential Elements

In the study of electromagnetics we often need to perform line, surface, and volume
integrations. We will discuss these integrals in Chapter 4. The evaluation of these integrals
in a particular coordinate system requires the knowledge of differential elements of
length, surface, and volume. In the following subsections we describe these differential
elements in each coordinate system.

3.2.1 Differential Length Element

In Section 4.1 we will introduce and learn how to evaluate line integrals of the form
[E-a1 (3.5)

The vector, dl, appearing on the right-hand side of the scalar product in Eq. (3.5) is
called the differential length vector, or the differential displacement vector.

Differential Length in Cartesian System  Differential displacement (or length) dl in Cartesian
coordinate system is a vector defined by

dl=(dl,, dl,, dl,)=dl, +dl, +dl, (3.6)

and is shown in Figure 3.1. The figure shows a decomposition of a differential displace-
ment vector dl into the differential displacement vectors along the coordinate axes.

z Figure 3.1 Differential displacement in the Cartesian system.




Vector Differential Calculus

Figure 3.2 Differential displacement in cylindrical system. z
dl,
,r’/ e /
- 2 dl,
dl,
Z
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In terms of unit vectors, the differential displacement vectors along the coordinate
directions can also be expressed as

dl=dla, +dla, +dla, (3.7)

In Cartesian system, the differential amount of displacement, dl,, dl,, and dl, is sim-
ply dx, dy, and dz, respectively, thus we may express the differential displacement vector
in (3.7) in terms of the coordinate variables as

dl= (dx,dy,dz) =dxa, +dya, +dza, (3.8

Differential Displacement in Cylindrical System  Differential displacement (or length) dl in
cylindrical coordinate system is a vector defined by

dl=(dl,,dly,dl, ) =d1, +dl +d1, (3.9)

The differential displacement vectors along the coordinate directions are shown in
Figure 3.2.

In terms of unit vectors, the differential displacement vectors along the coordinate
directions can also be expressed as

dl=dlya, +dlsa, +dla, (3.10)
When the angle ¢ increases by the amount of dg the differential displacement d/,

increases by pdg as shown in Figure 3.3.
Thus,

dly = pdg (3.11)

Therefore, in terms of the coordinate variables, we may express the differential dis-
placement vector in (3.10) as

dl= (dp, pdo, dz) —dpa,+p dpa,+dza, (3.12)
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~ T Figure 3.3 Differential displacement in ¢ direction.

Figure 3.4 Differential displacement in spherical system.
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Differential Displacement in Spherical System Differential displacement (or length) dl in
spherical coordinate system is a vector defined by

dl:(dlrvdle’dl(p):dlr "rdlg +dl¢ (3'13)

The differential displacement vectors along the coordinate directions are shown in

Figure 3.4.
In terms of unit vectors, the differential displacement vectors along the coordinate

directions can also be expressed as

dl=dl,ar +dlgag +dl¢a¢ (314)
In spherical coordinate system, both € and ¢ are the angular coordinates, thus,

dly =rd6 (3.15a)

dly = pd¢ =rsin0d¢ (3.15b)

In terms of the coordinate variables, the differential displacement vector in (3.13) can
be expressed as

dl= (dV,VdQ,VSiHQd(P) =dra, +rdfay +rsinfdpa, (3.16)
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Figure 3.5 Differential surface vector. - .

,

3.2.2 Differential Surface Element

Differential surface element dS (or differential surface area) is a vector that we will
encounter when evaluating surface integrals of the form

_[F -dS (3.17)
S

Consider a surface S, and a differential amount of it, dS, as shown in Figure 3.5.

With this differential surface dS, we may associated a differential surface vector dS
whose magnitude is equal to dS, and whose direction is perpendicular to the differential
surface dS (Sadiku, 2010, p. 59)

dS=dSa, (3.18)

where a,, is a unit vector normal to the surface.

(There are, of course, two normal vectors to any such surface, so which one do we
choose? In all instances when we will use such vectors, it will be clear from the problem
description which perpendicular vector is of interest to us.)

In the next section we will decompose the differential surface vector into three
component vectors along the coordinate directions in each of the three coordinate
systems.

Differential Area in Cartesian System In Cartesian coordinate system, the differential area
may, in general, be expressed as

dS=dS, +dS, +dS, =dS,a, +dS,a, +dS,a, (3.19)

This decomposition is shown in Figure 3.6.

The differential area vector dS, is perpendicular to the differential surface area dS,
which lies in the yz plane. This differential surface area is equal to the product of two
differential displacements in the yz plane: di, and dl,. Thus, we may write,

dS, =dl,dl, =dydz (3.20a)
Similarly,
dS, =dl,dl, = dxdz (3.20b)

ds, =dl.dl, = dxdy (3.200)
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z Figure 3.6 Differential surface
. dS,=4dS.a, vector decomposition.
_ il
|

m F o

ds, = ds.a, dSy = cLS»\, a,

/ y

X

Therefore, we may alternatively, express the differential surface area as
dS =(dydz, dxdz, dxdy) (3.21)
=dydza, +dxdza, +dxdya,

Differential Area in Cylindrical System In cylindrical coordinate system, the differential
area may be expressed as

dS=dS, +dS, +dS, =dS,a, +dS,a,; +dS,a, (3.22)
where

dS, =dlydl, = pd¢dz (3.23a)

dSy =dl,dl, =dpdz (3.23b)

ds, =dl,dly; = (dp)(pde)= pdpdd (3:23¢)

Therefore, in cylindrical system, we may alternatively, express the differential surface
area as

ds = ( pdédz,dpdz, pdpd p)

3.24
= pdddza, +dpdza, + pdddpa, (3.24)

Differential Area in Spherical System In spherical coordinate system, the differential area
may be expressed as

dS=dS, +dS, +dS; =dS,a, +dSpa, +dS,a, (3.25)
where

ds, = dlpdly = (rd0)(rsin0dg)=r* sin0d0 dg (3.260)

dSy = di,dly = (dr)( rsin0dg)=rsin0drdg (3.26b)

dS, = dl,dly = (dr)(rd0) = rdrd0 (3:26¢)

Therefore, in spherical system, we may alternatively, express the differential surface
area as
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ds =(r2 sinfd0dg, rsin@drds, rdrd@)
=r’sin0d0d¢a, +rsinOdrdpa, +rdrd0a,

(3.27)

3.2.3 Differential Volume Element

We will encounter differential volume element, dv, in the volume integrals of the form
[Fav (3.28)

The differential volume element, dv, is defined as a scalar equal to the product of
three differential displacements in each coordinate system.

Differential Volume in Cartesian System Differential volume dv, in Cartesian system is
defined as the scalar

dv=dl.dl,dl, (3.29a)
or in terms of the coordinate variables:

av =dxdydz (3.29b)

Differential Volume in Cylindrical System Differential volume dv, in cylindrical system is
defined as the scalar

dv=dl,dlydl, (3.30a)

Or in terms of the coordinate variables:
dv= dp(pd¢)dz = pdpdddz (3.30b)

Differential Volume in Spherical System Differential volume dv, in spherical system is
defined as the scalar

dv =dl,dlydl, (3.31a)
or in terms of the coordinate variables:
dv = dr(rd@)rsin@dgb
=r*sin0drd0d¢

(3.31b)

3.3 Constant-Coordinate Surfaces

In this section we discuss a special class of surfaces, called constant-coordinate surfaces.
These surfaces in Cartesian, cylindrical, or spherical coordinate systems are easily gener-
ated by keeping one of the coordinate variables constant and allowing the other two to vary.

These surfaces are extremely useful when evaluating line and surface integrals, as we
will see in Chapter 4.
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Figure 3.7 Constant-coordinate surfaces in a Cartesian system.

3.3.1 Cartesian Coordinate System

In the Cartesian system, we have three families of constant-coordinate surfaces (planes)
defined by

X = const —0<y<o, —00<Zz<0
y = const —0<x <0, —0<Z<m (3.32)
z = const —0<x <0, —0<y<0

These surfaces are shown in Figure 3.7.

The intersection of any two such planes is a line parallel to one of the coordinate axes.
For instance, x = const and y = const is the line parallel to the z axis. These lines are
constant-coordinates lines.

3.3.2 (Cylindrical Coordinate System

Orthogonal surfaces in cylindrical coordinates are described by:
p =const, 0<p<2m, —-o<z<©
@=const, O0<p<o, —w<z<® (3.33)

z =const, 0<p<oo, 0<p<2n

and are shown in Figure 3.8.
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Figure 3.8 Constant-coordinate surfaces in a cylindrical system.

Note that p = const is a circular cylinder; ¢ = const is a semi-infinite plane with
its edge along the z axis; z = const is the same infinite plane as in a Cartesian
system.

The intersection of any two surfaces is a curve — either a line or a circle: p = const
and z = const is a circle of radius p; z = const and ¢ = const is a semi-infinite
line originating at the z axis and passing through P; p = const and ¢ = const is an infinite
line parallel to the z axis and passing through P. These curves are constant-coordinates
curves.

3.3.3 Spherical Coordinate System

Orthogonal surfaces in spherical coordinates are described by:

r =const, 0<O<m, 0<¢<2n
0 = const, 0<r<o, 0<¢<2m (3.34)
¢ = const, 0<r<w, 0<6<m

and are shown in Figure 3.9.

Note that r = const is a sphere with its center at the origin; 8 = const is a circular cone
with the z axis as its axis and the origin as its vertex; @ = const is the semi-infinite plane
as in a cylindrical system.

A curve is formed by the intersection of any two surfaces; for example: r = const and
@ = const is a semi-circle. These curves are constant-coordinates curves.
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Figure 3.9 Constant-coordinate surfaces in a spherical system.

3.3.4 Differential Elements on Constant Coordinate Surfaces

Recall: Constant-coordinate surfaces in Cartesian, cylindrical, or spherical coordinate
systems were obtained by keeping one of the coordinate variables constant and allowing
the other two to vary.

The consequence of keeping one of the coordinate variables constant is the fact that
the differential displacement along that variable direction is zero. Let’s look at the resulting
differential surface and displacement vectors in all three coordinate systems.

Cartesian Coordinate System In Cartesian, the differential surface vector is given by
dS =(dydz, dxdz, dxdy) (3.35)
On the constant coordinate surfaces we have:
x=const = dx=0 = dS= (dydz, 0, 0) (3.36a)
y=const = dy=0 = dS= (0, dxdz, 0) (3.36b)

z=const = dz=0 = dS= (0, 0, dxdy) (3.36¢)
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Recall: the differential displacement vector, in general, is given by
dl=(dx, dy, dz) (3.37)

Since the intersection of two constant-coordinate surfaces produces a constant
coordinate line (parallel to the coordinate axes), it follows that on a constant-coordinate
line two-out-of-three components of dl in (3.37) are zero. That is,

dl=(dx,0,0) or dl=(0,dy,0) or dl=(0,0,dz) (3.38)

Cylindrical Coordinate System In cylindrical coordinate system, the differential surface
vector is given by

dS =(pdedz, dpdz, pdpdz) (3.39)
On the constant coordinate surfaces we have:

p=const = dp=0 = dS=(pddz,0,0) (3.40a)

p=const = dp=0 = dS=(0,dpdz,0) (3.40Db)

z=const = dz=0 = dS=(0,0, pdpdz) (3.40c)

Also, the differential displacement vector is, in general, given by
dl=(dp, pd¢, dz) (3.41)

Since the intersection of two constant-coordinate surfaces produces a constant coordinate
curve, it follows that on a constant-coordinate curve two-out-of-three components of
dl in (3.41) are zero. That is,

dl=(dp,0,0) or dl=(0, pd$,0) or dl1=(0,0,dz) (3.42)

Spherical Coordinate System In spherical coordinate system, the differential surface
vector is given by

ds= (r2 sin0d0d¢, rsinOdrdg, rdrdo) (3.43)
On the constant coordinate surfaces we have:

r=const = dr=0 = dS=(r’sin0d6d,0,0) (3.44)

O=const = dO=0 = dS=(0,rsin6dr,0) (3.44b)

p=const = dp=0 = dS=(0,0, rdrd0) (3.44¢)
Also, the differential displacement vector is, in general, given by

dl= (dr, rd0, rsin 9d¢) (3.45)

Since the intersection of two constant-coordinate surfaces produces a constant coordi-
nate curve, it follows that on a constant-coordinate curve two-out-of-three components
of dl in (3.44) are zero. That is,

dl=(dr,0,0) or dl1=(0,rd0,0) or dl=(0,0,rsin0d¢) (3.46)
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3.4 Differential Operators

In this section we will introduce several differential operators: gradient, divergence,
curl, and Laplacian. These operators appear in Maxwell’s equations and in the wave
equation which we will study later in this text.

3.4.1 Gradient

Given a scalar function we can create a vector function. The operation involved is that
of taking the “gradient”. We will next define the gradient operation in Cartesian system,
and subsequently in the cylindrical and spherical systems.

Gradient in Cartesian Coordinates The gradient of given scalar function fix, y, z), grad f, is
the vector function defined by (Kreyszig, 1999, p. 446)

grad f :aia,c +gay +laz (3.47)
%

oy 0z
If we introduce the differential operator

Vziax +£ay +£az (3.48)
ox oy 0z

we may write

PR/ A 3.49
grad f=Vf ™ +ayay+azaz (3.49)

Gradient in Cylindrical Coordinates The gradient of a given scalar function f(p, ¢, z),
grad f, is the vector function defined by (Sadiku, 2010, p. 70)

Vf:af +l% +8laz (3.50)
74

Gradient in Spherical Coordinates The gradient of given scalar function f(r, 0, ), grad f,
is the vector function defined by

Vf = f 1of 1 af (3.51)

rt—2-ay
r 00 rsin@ 6¢

Example 3.6 Gradient of a scalar function
Determine the gradient of the following scalar fields:

a) f=x’y+3xyz
b) f=2pzsing -z cos *p + p*
¢) f=r*cosfOsing
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Solution:

a) Vf = f f +laz, f=x*y+3xyz
8y 0z

vf :(2xy+3yz)ax +(x% +3xz)a, +3xya,

+——ay +—a,, =2pzsing —z% cos® d + p*
p6¢¢ P f=2pzsing p+p

1 .
Vf =(2zsing +2p)a, +;[szcosqﬁ—222cos¢(—sm¢)]a¢ +<2psin¢—2ZCOSZ¢)az

0v-La, s 18,0

ovf=ZL f +11 ag+—— 1 6f . f=r*cosOsing
6r r 00 rsin@ 8(/5

1 1
Vf =(2rcosOsing)a, +—(r2 sin¢)(_sin9)a9 + (72 cosg)cosda,
r rsin@

3.4.2 Divergence

Given a vector function we can create a scalar function. The operation involved is that
of taking the “divergence” We will next define the divergence operation in Cartesian
system, and subsequently in the cylindrical and spherical systems.

Divergence in Cartesian Coordinates The divergence of given vector function
E(x, y,z)=(Ex, Ey, E. ), div E, is the scalar function defined by (Kreyszig, 1999,
p. 453)

OF  OF, , COE, (3.52)
ox oy Oz

divE =

Another common notation for divergence is V<E

divE=V-E= iax +iay +£az (E;a,+E,a, +E.a,)
Ox oy 0z

(3.53)
OE, OFE, GF,
=——+—=+—=

ox Oy Oz

Note that the divergence operation on a vector produces a scalar, while the gradient
operation on a scalar produces a vector.

Divergence in Cylindrical Coordinates The divergence of given vector function
E(p,, z)=(E,, Ep, E,) is the scalar function defined by (Sadiku, 2010, p. 75)

OE,
V.E:li(pgp)+i_¢+a£ (3.54)
p op p 0p Oz
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Divergence in Spherical Coordinates The divergence of a given vector function
E(r,0,9)= (E,, E,, Eq,) is the scalar function defined by

VE-LL(PE )+ —— 2 (E,sin0) s —— L2 (3.55)
or rsin@ 060 rsin@ O¢

Example 3.7 Divergence of a vector function
Determine the divergence of the following vector fields:

a) E=e*a, +zsin xya, + cos® xza,

b) E=2pz*cosga, —zsin’ ga,

3
¢) E=2rcosfa, +—sinfa, +2r>sin0a,
r

Solution:
OE
a) V~E=aﬂ+—y+aﬁ:2yez"y + zxCosxy —2xCcosxzsin xz
ox 0y Oz
OE,
b) VoEzli(pEp)+l—¢+aEz :li( 3pz2c0s¢)+10+sin2¢
p op pop oz pop P
=li(3pzzzcos¢)+sin2¢=l(6pzzcos¢)+sin2¢=6z2cos¢+sin2¢
p op P
OF,
<) vE:iﬁ(ﬁE,) 1 i(fg sinf) + 1 %
r? or rsin@ 00 rsin@ 0¢
d(2r*sin0
=iﬁ(2r3cos9)+ —(ésinesin9)+ 1 ( )
r* or rsinf 00\ r rsinf o¢
=i(6r2c059)+ , §(251n9c059)+0:6cos9+£c059
r rsinf r r .
3.4.3 Curl

Given a vector function H(x, y, z) we can create another vector function. The operation
involved is that of taking the “curl” We will next define the curl operation in Cartesian
system, and subsequently in the cylindrical and spherical systems.

Curl in Cartesian Coordinates The curl of given vector function H(x, ¥, z) = (H « Hy, H, ),
curl H, is the vector function defined by (Kreyszig, 1999, p. 457)

a, a, a,

vsH=|2 2 2
ox 0Oy Oz (3.56)
H, H, H,

O0H, ©H, (aHx OH, ] OH, 0oH,
=l |ay | ——— |a, | ——— |a,
oy 0z 0z Ox Ox oy
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Curlin Cylindrical Coordinates  The curl of given vector function H(p, ¢, z) = ( H,, H,, H, )
is the vector function defined by (Sadiku, 2010, p. 80)

a, pa; a,

vxH=|2 ¢ @
op 09 0Oz (3.57)
H, pH, H,
H H H
_ 10H, OH, a,+ OH, OH, a¢,+l i(pH¢)_6 2 la
p 0p Oz oz Op plop o¢

Curlin Spherical Coordinates  The curl of given vector functionH(r, 0, ¢)=(H,, Hy, Hy)
is the vector function defined by
a, ray, rsinfay
1 0 0 0
r*sin0 o 00 %
H, rHy rsin0H,

= 1 i(H¢sin9)——aH9 a,+l —.1 %—g(rHH ag
rsinf| 00 o¢ r|sin@ 0¢ Or

1| 0 OH
Z| =—(rH,) - r
+r[8r(r 9) 00 }ag

There are two important properties of the gradient, divergence, and curl operations
that we will use later in this text:

VxVf=0 (3.59)
V-(VxH)=0 (3.60)

VxH =

Example 3.8 Curl of a vector function
Determine the curl of the following vector fields:

a) H=e"a, +sinxya, + cos® xza,
b) H = pz” cosga, +zsin’ da,

1
c) H=rcosOa, —=sinfagy +2r* sinfa,
r

Solution:

a, a, a, a, a, a;
a) yxg=| 2 2 2|19 o 9
ox Oy 0Oz| |[0x Oy 0z

H, H, H,| |¢” sinxy cos’xz
= 0 (cos? 9 (4 9 (v
= ay(cos xz)ax + ax(smxy)az + = (e )ay
0/ 0. 0 ( x
_6_(COS xz)ay —a—(smxy)ax —a—(e y)az

% z y
= ycosxya, +2zcosxzsinxza, —xe”a, =2zcosxzsinxza, + (ycosxy —xe™ )az

|53



54 | Foundations of Electromagnetic Compatibility

a pag a,

P
b) VxH:li i i
plop O¢p Oz
H, pH, H,
1 6H, 1 5(PH¢) 1 0H,
=——Ta,+————a, +— pa,
p 09 p op p 0z
o afots) e,
pop " p 2 T pog
= ZSln2¢ap +2zpcosgpa, +2z%singa,
a, rap rsinfa,
o vxH-—L |2 9 0

r?sin0 | or 20 %
H, rHy rsinfH,

a, rag rsinfa,
T N R )
r*sin@| or 00 o¢
rcos® —sin® 2r°sin’@
[0(9,3 «in2 o
_ 1 (2% sin Q)a,+a( Slne)rsin9a¢+a(rcose)ra9
r*sinf | 00 or o0¢
3.2 ,
c1 _0(2r%sin e)rag—a(_sme)a,—6(rcoso)rsin9a¢
r*sin@ or o¢ 00

1 . . .

=—— (4r3 sinfcosfa, —6r° sin” Oay +r” sin® 9a¢)
r”sin@

=4rcosfa, —6rsinfay +sinfay

3.4.4 Laplacian

The remaining differential operator is the Laplacian. When the Laplacian operation is
performed on a scalar function, the result is another scalar function; when it is per-
formed on a vector function, the result is another vector function. We will next define
the Laplacian of a scalar function in Cartesian system, and subsequently in the cylindri-
cal and spherical systems.

Laplacian in Cartesian Coordinates ~Recall: The gradient of given scalar function fix, y, z),
is the vector function defined by (Sadiku, 2010, p. 88)

o IS (3.61)

a,+-—a,+—a,

Vf="L
4 Ox oy 0z
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If we take the divergence of the resulting vector, we obtain a scalar function

2 2 2
x> oyt o7
The resulting expression is called the Laplacian of fand is denoted by V> f. Thus,
2 2 2
v2f=%+%+% (3.63)
ox~ oy oz

Laplacian in cylindrical coordinates The Laplacian of given scalar function fip, ¢, z), is
the scalar function defined by

2 2
vepotof o +L2%+% (3.64)
pop\" Op) p°op° oz

Laplacian in spherical coordinates The Laplacian of given scalar function f{r, 0, ¢), is the
scalar function defined by

2
sz:izﬁ(ﬂ@}z;i(smgi} 1 _of (3.65)
reor\_ or) r”sin0 00 00 ) r*sin®@ 09>

When computing the electric and magnetic radiation fields of antennas, we will
encounter the Laplacian of a vector function V*V. Instead of computing this Laplacian
from the definition (which is quite involved), we will make use of the following identity:

VPV=V(V-V)-VxVxV (3.66)

3.5 EMC Applications

3.5.1 Transmission-Line Equations

We will show the application of the concept of a derivative through the derivation of
transmission line equations. (Transmission lines will be discussed in detail in Part III of
this book.)

Figure 3.10 shows the per-unit-length equivalent circuit model of a transmission line;
[ and c represent the per-unit-length inductance and capacitance associated with the
length Az of the line (Paul, 2006, p. 182).

Writing Kirchhoff’s voltage law around the outside loop (we will review the basic
circuit laws in Part II of this book) gives

ol (z,t)

V(z+Az,t)-V(z,t)= —lAzT (3.67)

Dividing both sides by Az and taking the limit as Az — 0 gives

lim V(z+Az,t)-V(z,t) . I (z,t)
Az—0 Az Ot

(3.68)
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I(z, 1) Figure 3.10 Equivalent circuit model
—» 1Az I(z+Az, 1) of a transmission line.
2114
+ +
Viz 1) chz == V(z+Az t)
H H
i i
1 1
i i
1 1
1 1
z 7+Az

We recognize that the expression on the left-hand side of Eq. (3.68) is the partial
derivative of the line voltage with respect to the variable z. Thus,
GV(zt):_fﬂ(zt) (3.69)
0z ot
This is the first transmission line equation. Similarly, writing Kirchhoff’s current law
at the upper node of the capacitor gives

1(z+Az,t)—1(z,t)=—cAzW (3.70)
Dividing both sides by Az and taking the limit as Az — 0 gives
i 1(z+Az,t)—1(z,t):_Cav(z+Az,t) (3.71)

Az—0 Az ot

Again, we recognize that the expression on the left-hand side of Eq. (3.71) is the par-
tial derivative of the line current with respect to the variable z. Thus,
al(z,t)  0V(zt)
—c

_ (3.72)
0z ot

This is the second transmission line equation. Equations (3.68) and (3.71) are called
the transmission-line equations.

3.5.2 Maxwell’s Equations in a Differential Form

The differential operators presented in this chapter appear throughout the study of
electromagnetics and EMC. Perhaps the most important application of these operators
is in Maxwell’s equations.
Maxwell’s equations can be expressed in several forms. Here, we present the differential
time-domain version of these equations in a simple medium (Paul, 2006, pp. 899, 901).
cH

VXE=—pu— (3.73a)
ot
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VxH=6E+zE 4+ (3.73b)
ot
vV.E=P" (3.73¢)
¢ (3.73d)
V.H=0

In Eqs (3.73) E denotes electric field intensity, while H denotes magnetic field inten-
sity. J stands for volume current density, while p, denotes volume charge density. We
will derive and discuss these equations in Part III of this text.

3.5.3 Electromagnetic Wave Equation

The concept of a vector magnetic potential is useful in the derivation of the electric and
magnetic fields radiated by an antenna. In such derivations (to be presented in
Section 6.7.4), the following wave equation needs to be solved (Balanis, 2005, p. 139).

V2A, +k*A, =0 (3.74)
where A, is the z component of a vector magnetic potential and & is a constant.

A, = A, () in spherical coordinate system (A, is not a function of € or ¢). Thus, the
Laplacian in spherical coordinate system:

2
r*or\_ 0or) r”sin0 00 00) r°sin“0 0¢

Applied to Eq. (3.74) this reduces to

VA, +k2A, :ig{rz 0A, (r)}+k2AZ (+)=0 (3.76)
r* or or
which, when expanded, gives
2
i {zraAz(r)+r2 0 Az(r)} FK2A, (r)=0 (3.77)
r or or?
which reduces to
2
d AZ(r)"I'%dAZ(r)"l'szz(r):O (3.78)
dr* rodr

In Chapter 6 we will discuss the solution of this differential equation.
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4.1 LineIntegrals

In this section we will define and learn how to evaluate the line integrals of the form

jp-dl (4.1)

Before discussing the line integrals, however, let’s review the concept of indefinite and
definite integrals.

4.1.1 Indefinite and Definite Integrals
We will first introduce the indefinite integral and then use it to present the definite

integral.

Indefinite Integral The indefinite integral can be easily defined using the concept of a
derivative as follows.
Consider a function flx). If its integral exists, denoted,

g(%)=] f(x)dx (4.2)
then
g'(%)=f(%) (43)
Several useful integral formulas are presented next:
f(x)=1 jf(x)dxzjdx:x (4.4a)
(x) =1
1

— 5 drx = [x%dx = —— x**1 4.4b
f(x)=x If(x)x _[x h=——x (4.4b)
( 1 xa+1):a+1xa+l—1:xa
a+1 a+1

Foundations of Electromagnetic Compatibility with Practical Applications, First Edition. Bogdan Adamczyk.
© 2017 John Wiley & Sons Ltd. Published 2017 by John Wiley & Sons Ltd.
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f(x)=e" [f(x)dx=[e"dx=e" (4.4c)
(e -
ax _ ax _l ex
f(x)=e™ [f(x)dx=e di=—e (4.4d)
1 ex ’__ ax _ _ax
(;e j—a(a)e =e
1 1
_= —[Zdx=1Inx, 4.4
f(x) " jf(x)dx dex nx, x>0 (4.4e)
o1
(lnx) =2
f(x)=sinx J-f(x)dx:jsinxdx:—cosx (4.4f)

(—cosx)’ =—(—sinx)=sinx

f(x)=sinax J.f(x)dx:"‘sinaxdx:—écosax (4.4g)
(—lcosaxjr = (—l)(—sinax)(u) =sinax
f(x)=cosx If(x)dxz_[cos xdx=sin x (4.4i)

(sinx)l =cosx

f(x)=cosax If(x)dxzjcosaxdlesinax (4.4j)
a

Gsin axj, z[ij(cos ax)(a) = cos ax

Definite Integral If the indefinite integral is given by

[f(x)dx=g(x (4.5)
then the definite integral is defined by

jf Jdx=g(x)|" = g(b)-g(a) (4.6)
Integral Properties

b b

jq”(x)dx:cjf(x)dx (4.72)

T(f+g)(x)dx:j‘f(x)dx+ig(x)dx (4.7b)

a
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b c b

jf(x)dxzjf(x)dx+_[f(x)dx, a<c<b (4.7¢)
T ()= [ () (47d)
b a

4.1.2 LineIntegral

The concept of a line integral is a simple generalization of the concept of a definite
integral

b
[£(x)ax (4.8)

In Eq. (4.8) we integrate flx) from x =a along the x axis to x =b. In a line integral we
integrate a given function, called the integrand, along a curve C in space, or in the plane
(Kreyszig, 1999, p. 464).

Consider a curve C in space extending from point 4 to point b, as shown in Figure 4.1.

The line integral of a vector F over the curve C is defined as

jF-dl (4.9)
C

When the curve is a closed curve (points a and b coincide) then the line integral over
the curve C s defined as (Sadiku, 2010, p. 64)

qSF-dl (4.10)
C

The evaluation of the line integral in Eqs (4.9) or (4.10) is, in general, quite difficult.
However, as we will show next, if the curve is a constant-coordinate curve, this line
integral reduces to the definite integral discussed earlier.

Cartesian Coordinate System In the Cartesian coordinate system, if the vector F and the
differential displacement dl have the components

F:(Fx,Fy,FZ), dl:(dx,dy,dz) (4.11)
then the line integral in Eq. (4.9) becomes

IF.dl:_[(Fx dx+F,dy+F, dz) (4.12)

o c

Figure 4.1 lllustration of the line integral. b
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And if the line is a constant coordinate line, then this integral reduces to one of the
three definite integrals:

jr- cdl= Tdex (4.13a)
C X,
[E-a1= yfpy dy (4.13b)
c n
jr cdl= Tdez (4.13¢)
C zZ

Cylindrical Coordinate System In the cylindrical coordinate system, if the vector F and
the differential displacement dl have the components

F=(Fp,1—;,,1-;), dl=(dp,pd¢,dz) (4.14)

then the line integral in Eq. (4.9) becomes
[E-d1={[(F,dp+F,pd¢+E.dz) (4.15)
c C

And if the curve is a constant coordinate curve, then this integral reduces to one of
the three definite integrals:

jr.dlzpfpp dp (4.16a)
C P1

A
[E-d1=[F,pd¢ (4.16b)
c [
jF-dl:szZdz (4.16¢)
C zZ

Spherical Coordinate System In the spherical coordinate system, if the vector F and the
differential displacement dl have the components

F:(E,FQ,F¢), dl:(dr,rde,rsin9d¢) (4.17)

then the line integral in Eq. (4.9) becomes

[F-d1=[(E dr+ Fyrdo + Fyrsing do) (4.18)
C C
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And if the curve is a constant coordinate curve, then this integral reduces to one of
the three definite integrals:

j]?-dl:rff, dr (4.19a)
C 7
jp-dl :TFgrdQ (4.19b)
C 0,
jF-dl:TF¢rsin9d¢ (4.19¢)
C [

4.1.3 Properties of Line Integrals

From familiar properties of integrals in calculus we obtain formulas for line integrals

[KE-dl=k[E-dl  (k=const) (4.20)
C C

[(E+G)-dl=[F-dl+[G-al (4.21)
C C C

[E-d1=[F-d1+ [F-dl (4.22)
C C, G

where in Eq. (4.22) the path C is subdivided into two curves C; and C, that have the
same orientation as C, as shown in Figure 4.2.

Line Integral Independence of Path  Consider the line integral given by

j]? dl= I(dex +F,dy +F,dz) (4.23)
C C

In Eq. (4.23) we integrate from a point a to a point b over a path C.

The value of this integral generally depends not only on 4 and b, but also on the path
along which we integrate. This raises the question of conditions for independence of the
path, so that we get the same value in integrating from a to b along any path C.

A very practical criterion for path independence is the following:

A line integral in Eq. (4.23) is independent of path if the vector F is a gradient of some
scalar function f.

Figure 4.2 lllustration of Eq. (4.22). b
|

63



64

Foundations of Electromagnetic Compatibility

Note that we don’t need to know what that scalar function f'is; we just need to know
that F is the gradient of it. So, how is this useful in electromagnetics?

It is very useful, because in Part II of this book we will be evaluating the following
integral

jEdl (4.24)
C

where E is the electric field intensity. Since
E=-VV (4.25)

we will be free to choose any path of integration in Eq. (4.24).

Integration along Closed Curves 'When discussing electrostatic fields we will make use of
the following property of line integrals:
The line integral

jﬁﬂ:ﬂ@@+@@+@ﬁ) (4.26)
C C

is independent of path if its value around every closed path is zero.
On the other hand, if we know that the line integral is independent of path, then

VxE=0 (4.27)

Example 4.1 Evaluation of a line integral
Let F be given by

A =4psinga, +3cospay

and the curve C, in the xy plane, be defined and oriented as shown in Figure 4.3. Evaluate
the line integral Ic F-dl

Yy & Figure 4.3 Line integral example.

v
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Solution: To evaluate this integral we make use of Eq. (4.22)

d}A dl_jA d1+jA d1+jA d1+jA dl

C, C, C, G,

Along C; have

Ci:p=3->6, (p:n/6:const, z=0=const
dl=(dp, pdp, dz)=(dp, 0, 0)

jA-dl:J(ZLpsin(p,?)cosq), ) (dp,0,0)= J 4psinpdp
C o)

p=3
(p=n/6

2|° 36 9
=2 =_-Z|=25
2 2
p=3

_4sm— Tpdp (4 )[;]{%

p:S

Along Cy:

C,:p=6, (p:n/6—>rc/3, z = const
dl=(dp, pde, dz)=(0, pdp, 0)

Along Cs:

C3:p=6—3, (p=n/3=const, z=0=const
dl:(dp, pdo, dz):(dp, 0, 0)

p=3
IA dl= I(4psm¢ 3cos¢, 0) (dp, 0, O J. 4psinpdp
Gy [ p=
o= n/f)’
3 513
=4sin > Ipdp:(él)[ﬁJ{p— J_zﬁ(g_ﬁj:_%ﬁ
37 2 )| 2| 2
p=6 p=6
Along Cy:

C,:p=3, (p:n/3—>n/6, z =const
dl=(dp, pde, dz)=(0, pdp, 0)
/6
jA~dl: I(4psin(p,3cosq),0)~(0, pdo, 0 ’ I/ 3pcospdg
' (p T[/3
e - 1 43
=(3)(3) I cos<pd(p:9(s1n(p|z=n;:):9(5—7j=4.5(1—\/§)

(p:n/s
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Therefore

gSA-dl:jA-dHjA-dl+jA.d1+jA-d1
C C, C, C, C,

=25+9(v3-1)-25v3 +4.5(1-+3)=205(1-+3)

4.2 Surface Integrals

The concept of a surface integral is a simple generalization of the concept of a double
integral, which we will define next.

4.2.1 Double Integrals

b

In a definite integral | f (x)dx, we integrate a function f(x) over an interval of the x axis. In
a double integral, wé ‘integrate a function f{x, y) over a region R in the xy plane (Kreyszig,
1999, p. 480).

[[ £ (%, ) dxdy (4.27)
R

Double integrals have properties similar to those of definite integrals.
”kf(x, y)dxdy = k”f(x, y)dxdy (4.28a)
R R
j j (f +g)dxdy= j j fdxdy + jj gdxdy (4.28b)
R R R
.gf(x, y)dxdy = '!;If(x, y)dxdy + }Uf(x, y)dxdy (4.28¢)

where the region R in Eq. (2.28c¢) is subdivided into two regions R; and Ry, as shown in
Figure 4.4.

In many electromagnetics problems the region R is a rectangular region described by
a<x<band c<y<d, and the double integral over a region R in Eq. (4.27) may be evalu-
ated by two successive integrations:

J]/(x y)dxdyziﬁf(x»y)dy}dx (4.29)

] £ (2 7)dxdy =Tﬁf (x,y)dx}dy (4.30)

Figure 4.4 Subdivision of the region R in Eq. (4.28c).
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In Eq. (4.29) we first integrate the inner integral with respect to y, treating x as a
constant. Then, we integrate this result with respect to x.

In Eq. (4.30) we first integrate the inner integral with respect to x, treating y as a
constant. Then, we integrate this result with respect to y.

Both (4.29) and (4.30) produce the same result, as illustrated by the following example.

Example 4.2 Evaluation of a double integral
Evaluate

3

j‘ I (2xy +3y2)dydx

x=0y=1

and then reverse the order of integration and reevaluate.

Solution:
2 3 2 [ 3 2 2 3\[P=3
I .[(2xy+3y2)dydx: J { I (2xy+3y2)dy]dx: I £2xy—+3y—J dx
x=0y=1 x=0] y=1 x=0 2 3 y=1
= j. {(xyz +y3)‘y=jdx= j. (9x+27)—(x+1)dx = JZ. (8x+26)dx
x=0 r= x=0 x=0
x=2
=(8§+26xj =16+52=68
x=0

Now, let’s reverse the limits of integration.

T T(zxﬂ?’yz)dxdﬁ T{T(2xy+3y2)dx}dy:

y=1x=0 y=1 x=0
3 x*y+3y°x = dy = 3 4y+6y* )dy = 4£+6£
=1 x=0 =1 2 3
=3

=(2 +29°)_ =(18+54)-(2+2)=68
-

x=2

dy

—_—w

2
2x—y+3y2x
1 2

y=3

y x=0

y=1

Useful Application of Double Integrals 'The area A of a region R in the xy plane is given by
a double integral

A= [ dxdy (4.31)
R

4.2.2 Surface Integrals
For a given vector function F, the surface integral is defined by

j F-dS (4.32)
S

This integral, in many applications, is called the flux of F through S. When the surface
is a closed surface, we denote the integral in (4.32) by

ngF .ds (4.33)
S
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The evaluation of the surface integral in Eqs (4.33) or (4.34) is, in general, quite
difficult. However, as we will show next, if the surface is a constant-coordinate sur-
face, this surface integral reduces to the double integral discussed in the previous
section.

Cartesian Coordinate System In Cartesian coordinate system, if the vector F and the
differential surface vector dS have the components

F= (1—;,1—;,1—; ) ds= (dydz,dxdz,dxdy) (4.34)

then the surface integral in Eq. (4.33) becomes

[[-ds = [[(E.dydz + F,dxdz + F.dxdy) (4.35)
N S

And if the surface is a constant coordinate surface, then this integral reduces to one of
the three double integrals:

22

[[E-as=[[F.dydz (4.36a)

N zZ N

[[E-as= TTdexdz (4.36b)

S 2z Xy

jsjp -dS= ﬁfzdxdy (4.36¢)
1%

Cylindrical Coordinate System In cylindrical coordinate system, if the vector F and the
differential surface vector dS have the components

F=(F,,F,F), dS=(pdedz, dpdz, pdddp) (4.37)
then the surface integral in Eq. (4.33) becomes

[[-as = [[(F,pd¢dz + Fydpdz + F.pdgdp) (4.38)
N S

And if the surface is a constant coordinate surface, then this integral reduces to one of
the three double integrals:

¢

F-dS= T F,pd¢dz 4.39a
( )

S zZ

”F-dSzTTQ,dpdz (4.39b)

S z1 Py

j j F-dS= TTFZ pdddp (4.39¢)

S X
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Spherical Coordinate System In spherical coordinate system, if the vector F and the
differential surface vector dS have the components

F :(E,FB,F¢) (4.40)
ds :(r2 sin9d9d¢,rsin9drd¢,rdrd9)

then the surface integral in Eq. (4.33) becomes

ﬂ F-dS= jj(F,rZ sin0d0d¢ + FyrsinOdrde + F¢rdrd0) (4.41)
S S

And if the surface is a constant coordinate surface, then this integral reduces to one of
the three double integrals:

[[E-as= Tafp,r? sin0do d¢ (4.42a)
S ¢ 6
[[E-as= ﬁpgr sin@drdg (4.42b)
S hn
[[E-as= 9”1—;, rdr do (4.42c)
S O n

Example 4.3 Evaluation of a Surface Integral
Evaluate the surface integral when the function A is given by

F= szr"ap —4zsinga, + pza,

and the closed surface shown in Figure 4.5 is given by
S:p=2, 0<5¢p<2m, 1<z<4

Figure 4.5 Closed surface in Example 4.3.

dS;
-

S (side)

.
>

y
/ as, S, (bottom)

X
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Solution:

@F-dSz”F-dSl+HF-dSz+HF-d53
M S, Ss

On S; we have,
$1:0<p<2, 0<p<2m, z=4
F—(szz,—4zsin(p,pz)
dS; =(0,0,dS;)=(0,0, pdpdp)
”F-dSl = _U (szz,—4zsin(p,pz)‘(0, 0, pd pdo)
S

0<p<2

0<p<2m
z=4
Q=27 p=2 3 2
64
” zp*dpde =(4) I dop J. pzdp:(4)(2n)[%J =?n
0<p<2 ¢=0 p=0 0
0<p<2m
z=4
()H.Sz
$,:0<p<2, 0<p<2m, z=1
F:(szz,—élzsin(p,pz)
ds, =(0,0,—dS; ) =(0,0,—pd pdp)
”F ds, = J.J. <3pz , —4zsing, pz) (0,0,— pdpdep)
0<p<2
0<p<2rm
z=1
Q=27 p=2 p?, 2
= ” zp*dpde =—(1) j do I pldp=— (211)( 3 J =
0<p<2 =0 =0 0
0<p<2m

z=1
On S3:
S3:p=2, O<p<2m, 1<z<4
F=F=(3pz’,-4zsing,pz)
dS; =(dS,,0,0)=(pdedz, 0, 0)
”F -dS; = ” (3pz,—4zsing, pz)-(pdedz, 0, 0)

p=2

0<p<2m
1<z<4
_U 3pz2d<pdz J.d(pJ. *dz
g<;<2n
1<z<4
2\ 12n 7567
(6 5| < 2er)-
1
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Therefore,
gj%r— ds = ”F dSl+HF dsz+ﬁ1: ds, _64—“—16—“ 25T _ 68
|
4.3 Volume Integrals
The volume integral is a generalization of the triple integral and is denoted by
[[[ f (%, 3, 2) dxdydz (4.43)
|4
Triple integrals can be evaluated by three successive integrations.
Example 4.4 Evaluation of a Triple Integral
Let f(p,$,z)=2zp. Then
2 2 2¢m 2 2 2n 2 2
j _[ j 2zpdodpdz =2 j j _[d(p zpdpdz:ékn_[ j pdp |zdz
z=0p=0¢0=0 z=0p=0\ =0 z=0\_p=0
2
= (4n)(éj I zdz = (STE)(éj =16n
2).% 2 .

4.4 Divergence Theorem of Gauss

The divergence theorem of Gauss states that the total outward flux of a vector field F
through the closed surface S equals the volume integral of the divergence of F (Sadiku,
2010, p. 76).

gj%r-.ds = j ﬂv “Edv (4.44)
S

where the closed surface S defines the volume captured inside it.

4.5 Stokes's Theorem

Stokes’s theorem states that the line integral of vector F along closed surface curve C
equals the surface integral of the curl of F.

@F-dr:j (VxF)-dS (4.45)

where the closed curve C defines the surface S as shown in Figure 4.6
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A Y
f/s wﬁ ‘ &"If'u._“—‘)
(4 /—___J ¥ ds

Figure 4.6 lllustration of Stokes’s Theorem.

4.6 EMC Applications

4.6.1 Maxwell’s Equations in an Integral Form

In Section 3.5.1 we presented Maxwell’s equations in a differential form. The equiva-
lent, integral for of these equations in simple medium is (Paul, 2006, Pgs. 899 and 901).

oH

1513011:—;1!5-515 (4.46a)

gSH-dl:j(aE+gZ—fj.dS+j]5-ds (4.46b)

C S S

35513 dS = é j o, dv (4.460)
H-dS=0 (4.46d)

$

In (4.46) E denotes electric field intensity, while H denotes magnetic field intensity.
J stands for volume current density, while p, denotes volume charge density. We will
derive and discuss these equations in Part III of this book.

4.6.2 Loop and Partial Inductance

The concept of partial inductance is very powerful in EMC, for among other phenom-
ena, allows one to explain the ground bounce and power rail collapse (Paul, 2006, p.779;
Ott, 2009, p. 770).

Consider a current flowing out of the source, through a forward path arriving at the
load, and then going back to the source through a return path, as shown in Figure 4.7.

According to the Biot-Savart’s law, current / flowing in the loop produces a magnetic
flux density B.

The surface integral of the magnetic flux density over the surface of the loop gives the
magnetic flux crossing the surface S

= j B-dS (4.47)
S

The loop self inductance is defined as the ratio of the magnetic flux (due to the current I)
crossing the surface S of this loop to the current I flowing in the same loop:
D

L= - (4.48)
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Figure 4.7 Magnetic flux as a surface integral. I — S

or
jB -dS
L=5 - (4.49)

In Part II, we will show that the magnetic flux density, B, is related to the magnetic
vector potential, A, by

B=VxA (4.50)
By using Stokes’s theorem, the surface integral in (4.47) over the surface area S can be

transformed into a line integral of the vector magnetic potential A over the circumfer-
ence C of the surface area

jB-ds:gSA-dl (4.51)
s C
and therefore the magnetic flux crossing the loop can be obtained from

D= q}A -dl (4.52)

C
Thus, the loop self inductance can alternatively be obtained from

$A-dl

L=% 4.53

7 (4.53)

The closed curve C can be broken into four line segments C;, C,, Cs, and Cy, as shown
in Figure 4.8.

Thus the line integral in Eq. (4.52) can be evaluated as the sum of the line integrals
along each segment of the loop:

<j>A-dl:IA-dI+IA~dl+IA-dI+IA~dI (4.54)
C

C, C, Cs Cy
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G, Figure 4.8 Magnetic flux as a line
| integral.
| I ] R |
Ry
R
v, 2
Cl = r C3
A
! I
T
Cy

Using (4.54) in (4.53) we obtain
jA.dl jA-dl jA-dl jA.dl
= C, " G + G + G (455)

1 1 1 1
=L1 +lQ +L3 +L4

Thus, the loop self inductance equals the sum of inductances attributed to each seg-
ment of the loop. The inductances Lj, Ly, L3, and L, are called the partial self induct-
ances (Paul, p. 780).

4.6.3 Ground Bounce and Power Rail Collapse

Let’s start our discussion with a CMOS inverter logic gate in a totem-pole configura-
tion, shown in Figure 4.9.

In a high-speed digital circuits we often encounter the cascaded CMOS configuration
shown in Figure 4.10.

A simplified model of this configuration is shown in Figure 4.11.

Let’s investigate the operation of this configuration on the low-to-high and high-to-
low transition of the input to the first inverter.

First, assume that the load capacitors Cgp and Cgy are initially uncharged. When the
input signal IN =Low, the upper transistor is ON and the lower is OFF. The current
flows though the upper transistor, signal trace, and the capacitor Cgy to ground. This is
shown in Figure 4.12.

Eventually the capacitor Cgy is charged to (approximately) V¢ and the current flow
stops, as shown in Figure 4.13.

Now, the driver inverter transitions from low-to-high. Subsequently, the upper tran-
sistor turns OFF and the lower transistor turns ON, as shown in Figure 4.14.

At this point we have two sources of current:

1) current supplied by Cgy as it discharges (dashed arrow)
2) current supplied by V¢ as it charges the upper load capacitor
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Figure 4.9 CMOS inverter logic gate.
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Figure 4.10 Cascaded CMOS configuration.
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Figure 4.11 Cascaded CMOS inverters.
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Figure 4.12 Input signal is Low.
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Figure 4.13 Current flow stops when Cgy is charged to Vcc.
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Figure 4.14 Transition from low-to-high.
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The current then flows along the trace towards the driver and through the lower
transistor to ground. Eventually the current flow stops, and the voltage across capacitor
Cgpis Ve This is shown in Figure 4.15.

Now, the driver inverter transitions from high to low. Subsequently, the upper transis-
tor turns ON and the lower transistor turns OFF, as shown in Figure 4.16.

At this point we have two sources of current:

1) current supplied by Cgp as it discharges (dashed arrow)
2) current supplied by V¢ flowing through the upper transistor, along the trace, and
through the lower load capacitor, eventually charging it to V¢

Let’s focus on the currents supplied by V¢ on both transitions. These are the cur-
rents that affect the ground bounce and power rail collapse.

Now let’s turn our attention to a more complete circuitry that shows the power distri-
bution system that includes the source, Vs, and power and ground traces. This is shown
in Figure 4.17.

Vlcc: Vee
+
Vee
E OFF —I— Cop
High IN ——— oUT Low
= ov 1
—— Con

S

Figure 4.15 Current flow stops when Cgp is charged to Vcc.

Vee Vee

,______
|
[

Jo o

B —_—

IN OUT Low-to-High

A |

High-to-Low OFF

CG N

Figure 4.16 Transition from high to low.
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—_— —_— VC(,‘ VC(,‘
|
Driver IC (IC;) | ‘ Load IC (IC,)

1]

.___./" : _\— é
High-to-Low l X
Y |

A— ~——  GND GND

_— s, —
+
A
<
a

Crossover (shoot through) current

—_— S, Vee S Vee
P |
[ Driver 1C (IC)| |/ l {
¥
-\ el
f:;/; Vs _/_ |;| T
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Figure 4.17 Power distribution system and the current flow.

In addition to the currents previously discussed, Figure 4.17 also shows the crossover
currents which flow when both transistor are briefly ON at the same time.

When a CMOS gate switches, a current transient is drawn from the power distribu-
tion system. This current transient flows through both the power and ground traces.
Both of these traces possess (partial) inductance, as shown in Figure 4.18, for a low-to-
high transition, and in Figure 4.19 for a high-to-low transition.

Note: The models shown in Figures 4.17 and 4.18 can be applied at frequencies where
the impedance of the short PCB traces connecting the ICs is low enough compared to
the impedance of the long supply traces and thus can be neglected (Hubing et al., 1995).

The impedance of the long supply traces cannot be neglected and is modeled as the
power trace inductance Lp and the ground trace inductance Lg.

When IC, switches (and also during the crossover event) the current is drawn from
the source, resulting in the voltages Vp and Vg across the power and ground trace
inductances. These voltages are often referred to as power rail collapse, and ground
bounce, respectively.

The important consequence of these voltages is the fact that the voltage V¢ at the IC,
power and ground pins is no longer equal to Vg, potentially causing signal integrity

issues.
di(t
Vie =Vs —(L, + Lg )% (4.56)
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Figure 4.18 Partial inductance: transition from low to high.
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Figure 4.19 Partial inductance: transition from high to low.
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5

Differential Equations

Differential equations are of fundamental importance in electromagnetics because
many electromagnetic laws and EMC concepts are mathematically described in the
form of differential equations.

We will focus on a selected sample of the differential equations relevant to the subject
of EMC. We begin by discussing the first-order RC and RL circuits and their solutions,
and then focus on the second-order RLC circuits.

We conclude this chapter by presenting several EMC applications described by the
differential equations.

5.1 First Order Differential Equations - RC and RL Circuits

5.1.1 RCCircuit

A typical time-domain RC circuit configuration is shown in Figure 5.1. (In Section 9.3
we will learn how to transform any linear circuit into such a configuration using the
Thévenin theorem approach).

At ¢ =0, the switch closes and a dc voltage source, V', is connected to a capacitor with
an initial voltage of V. Ry represents the Thévenin resistance of the circuitry connected
to the capacitor.

The differential equation governing the capacitor voltage in this circuit is (Alexander &
Sadiku, 2009, p. 274).

dvc ()

RTC +vc (t):VT, Ve (O)ZV() t>0 (51)

Mathematics provides a number of approaches to solving this equation. We will solve
it using the separation of variables. Rearranging terms gives

dVC _ VT —Vc Ve —VT

=— (5.2)
dt  R,C R,C
or
dVC —_ dt (5.3)
Ve — VT RTC

Foundations of Electromagnetic Compatibility with Practical Applications, First Edition. Bogdan Adamczyk.
© 2017 John Wiley & Sons Ltd. Published 2017 by John Wiley & Sons Ltd.
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Vr <+> c__ vV

Integrating both sides and using the definite integral approach we get

V‘I“) dve __j dt
Ve VC_VT ORTC
Thus
o__t[
In(ve =V )<Y = -
(C T)V" RrC|,

and subsequently

t

ln[vc (¢£)- VT:|—1n(VO ~Vr)= R
or

pre=Vr ___t

Vo=Vr RiC
Therefore
In ve=Vr _t

e VoVi _o RC
or

Ve — VT — e’%ch

Vo=Vr
leading to

Ve _VT :(VO —VT)ei%e’C

Figure 5.1 RCcircuit.

(5.8)

(5.9

(5.10)
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Figure 5.2 RC circuit step response. v

99.3%

Figure 5.3 RL circuit. =0

SO T

And finally the step response of the capacitor voltage is given by
_t
ve (£)=Ve +(Vo Vi )e /5, t=RiC, 20 (5.11)

This response is shown in Figure 5.2, where 7 = R;C is the time constant of the
circuit.

5.1.2 RL Circuit

A typical time-domain RL circuit configuration is shown in Figure 5.3.

At t =0, the switch closes and a dc current source, Iy, is connected to an inductor with
an initial current of 1. Ry represents the Norton resistance of the circuitry connected to
the inductor (discussed in Section 9.4).

The differential equation governing the inductor in this circuit is (Nilsson & Riedel,
2015, p. 225).

——L+ip=Iy, ii(0)=1, t=0 (5.12)
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We will solve it using the separation of variables, but this time we will use the indefinite
integral approach. Rearranging terms gives

dip _Iy-ip i —Iy (5.13)

‘I

or
_di _ dt (5.14)
ii—1Iy 7 '
Ry

Integrating both sides and using the indefinite integral approach we get

[ dip  _ - at (5.15)
Thus

t
In| i (t)— =— .
nlip(t)-1Iy ] 7 +A (5.16)
Ry
Therefore
ot ot
L L
ip(t)-Iy=e iz =e? =Be z (5.17)
or
_t
L

i (£)=Iy +Be R (5.18)
Evaluating Eq. (5.18) at £ =0 gives

B=1,-1Iy (5.19)

Substituting Eq. (5.19) in Eq. (5.18) and rearranging produces the final result, i.e. the
step response of the inductor current

iL(t):1N+(10—1N)e‘%, T=o 120 (5.20)
N

This response is shown in Figure 5.4, where v =L/Ry is the time constant of the
circuit.

Compare Eq. (5.20) with Eq. (5.11). They have the same mathematical form! This is
not a coincidence. Look at Eq. (5.12) and Eq. (5.1). They also have the same mathemati-
cal form!

This leads to a very important observation that we will use on several occasions.
Mathematical equations of the same form have the solutions of the same form.
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Figure 5.4 RL circuit step response. i

5t

5.2 Second-Order Differential Equations — Series
and Parallel RLC Circuits

5.2.1 Series RLC Circuit

A typical series RLC circuit configuration is shown in Figure 5.5.

At t =0, the switch closes and a dc voltage source, V7, is connected to a series LC
configuration. The capacitor has an initial voltage of V{) and the inductor has an initial
current of I.

The differential equation governing the capacitor voltage in this circuit is (Nilsson &
Riedel, 2015, p. 287)

2
dVC +R_Td£+ivczﬁ, t>0
d> L dt LC LC
176 (0) =Vo, (5.21)
dVC (0) _I_O

dt C

Ry =0 ir, Iy
L

+

Figure 5.5 Series RLC circuit.
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Note that this equation could be written as

2
d’ve +adﬁ+bvc :ﬁ, t>0
dr’ dt LC

ve (0) =V, (5.22)

dVC (0) _ 1_0
dt C

Instead of solving Eq. (5.22) directly, we will modify it by introducing two new param-
eters £ and wg, instead of @ and b. Why? Because these two new constants have a physical
meaning (unlike a and b), are very descriptive (we will see that, when looking at the
solution of Eq. (5.21)) and they are indispensable when analyzing and designing second-
order systems.

The new parameters are indirectly defined by:

26wy =a (5.23a)
we=b (5.23b)

Using these two parameters, Eq. (5.22) can be written as

dzvc ch 2 T
+200g —+0yve =——, t2
P T
v (0)=Va, (5.24)
dVC (0) _1_0
dt C

There are many ways of solving Eq. (5.24). The choice of approach strongly depends
of the functional form of the forcing function V7.

When the forcing function is identically equal to zero, V7 =0, the circuit is driven by
the initial conditions only: the initial capacitor voltage and the initial inductor current
(at least one of these two values must be non-zero for the circuit response to be
non-zero).

In this case, the Eq. (5.24) describing the series RLC circuit becomes

dZVC
dat?
ve (0)=Va, (5.25)
dVC (0) _ 1_0
dt C

+2§coo%c+co§vc —0, t>0

The response of the circuit is termed the natural response.

We will subsequently obtain the solution of Eq. (5.24) in the time domain for the case
when the forcing function is a dc (step) voltage. Also, we will set the initial conditions
to zero.
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dzvc dVC 2 VT
+200g ——+ gve =——, t=>0
dt* 5 dt ¢ LC
vc (0)=0, (5.26)
iL(O)=O

Such a response is termed the forced response.

Because the circuit is linear, we can solve for these responses separately and superim-
pose them to get the total response. (This important property is called superposition
and will be explained in Part IL.)

Natural Response of the Series RLC Circuit 'The natural response is governed by Eq. (5.26),
which requires the capacitor voltage plus a constant times its first derivative, plus another
constant times its second derivative to add to zero for all >0. The only way this can
happen is for v(#), its first derivative, and its second derivative to have the same
functional form.

There is only one such mathematical function: an exponential function. No matter
how many times we differentiate an exponential function, the result is another exponen-
tial function.

This observation plus experience with first-order circuits, suggests that we try a
solution of the form

ve (£) = Ae” (5.27)

where A and s are constants yet to be determined.

If v(2), as defined by Eq. (5.27), is to be the solution of Eq. (5.26) then it must satisfy
Eq. (5.26). Let’s see where this reasoning leads us. First, let’s obtain the first and second
derivative of v(t), so that we can substitute them in Eq. (5.26).

dvc_(t) =sAe" (5.28a)
dt
2

dve(t) oy (5.28b)
dt*

Substituting Eq. (5.27) and Eq. (5.28) into Eq. (5.26) leads to

s?Ae’ +2wosAe™ + wiAe =0 (5.29)

Ae™ (s” +2Cwps + w3 ) =0 (5.30)

The function e* cannot be zero for all £ >0. The condition A=0 is not considered
because it is a trivial solution of no interest to us. That leaves us with the requirement that

$* +2Lwys + @5 =0 (5.31)
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This quadratic equation is known as the characteristic equation of Eq. (5.24), since
the roots of the equation dictate the character of the solution.
The two roots are

S = —CCOO + @y \ICZ -1 (5323)
8y =—Cwy —wpC2 -1 (5.32b)

The two values of s in Eq. (5.32) indicate that there are two possible solutions for v(£),
each of which is in the form of the assumed solution in Eq. (5.27):

ver = Ae™ (5.33a)

Vco = Azeszt (533]))

Since Eq. (5.25) is a linear equation, any linear combination of the two distinct
solutions vcy(f) and veo(2) is also a solution of Eq. (5.25). The general solution of
Eq. (5.25), therefore, is

ve (£)= Ae™ + Ae™ (5.34)
where the constants s; and s, are given by Eq. (5.31) and the constants A; and A, are

determined from the initial capacitor voltage and inductor current, as follows.
At t =0, Eq. (5.34) becomes

Ve (O):VO :Al +A2 (535)

To use the initial condition on the inductor current, we differentiate Eq. (5.34)
to obtain

dVC (t)
dt

= Alsleslt + AzSZQSzt (5.36)

At t=0, Eq. (5.36) becomes

dve (0
dve(0) Asy + Aysy (5.37)
dt
Since
dvc (0) _ Iy (5.38)
dt
we have
IEO = Ay + Ays, (5.39)

The solution of Eq. (5.35) and Eq. (5.39) yields the constants A; and A,.
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Examining the roots of the characteristic equation (5.31) we notice that the roots can
be of three different types:

1) If £>1 we have two distinct real roots (the voltage response is said to be
overdamped).

2) If £ =1, we have two equal real roots (the voltage response is said to be critically
damped).

3) If { <1, we have two complex conjugate roots (the voltage response is said to be
underdamped).

Each type of the roots leads to a different mathematical form of the solution and
hence to a different circuit behavior identified as overdamped, critically damped, or
underdamped.

These three cases will be addressed next. (It is the underdamped case that is of most
concern to an EMC engineer, as we shall see.)

Case 1 — Overdamped Response When § >1, we have two distinct real roots, both of
which are negative and real

§1 = —éa)() + @y 4,2 -1 (5.403)

8y =—Cap —wpyC2 —1 (5.40b)

The overdamped response is given by

Ve (t) = Aleslt + Azeszt (5.41)

Case 2 - Critically Damped Response  When £ =1, we have two equal real negative roots.
8§ =8 = —C(DQ (5.42)
The critically damped response is given by
Ve (L‘) = Bie" + Byte™ (5.43)
Constants B; and B, are evaluated using the initial conditions, as follows.
Att =0, Eq. (5.43) becomes
Ve (0) =B (5.44)

Upon differentiation Eq. (5.43) produces

dve (t
% = B;se® + Bye® + B,tse* (5.45)

Evaluating Eq. (5.45) at £ =0 results in

e _pois, (5.46)
dt
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Now using Eq. (5.22) in Eq. (5.46) we arrive at

b _peis, (5.47)
C

Solving Eq. (5.44) and Eq. (5.47) simultaneously produces the unknown constants B;
and B,.

Case 3 - Underdamped Response  When £ < 1, we have two complex conjugate roots.

81 ==Gwo +o§* —1 =L +600\/(—1)(1—42) (5.482)
=G + 0o\ -1y1-¢? =~y + jooy1-¢”

Sy = —CCOO — ij Y, 1- 412 (54:8]3)

It is convenient (and practical from the design standpoint) to define a new frequency
g, called the damped natural frequency

Wy =wo\1-C2 (5.49)
Then the complex roots in Eq. (5.48) can be written as

s1=—Cwp + &2 -1 (5.50a)
8y =—Cay —wpC2 -1 (5.50b)

The underdamped circuit response is given by

Ve (t) = D,e ™ coswyt + Dye *™ sinwyt, ¢>0 (5.51)

The constants D; and D, are evaluated from the initial conditions as follows. Evaluating
Eq. (5.50) at £ =0 results in

ve (0)=Dy (5.52)

That was easy. Obtaining D, will take some work. Differentiate Eq. (5.51) to obtain

dve (t d; e di ios .
$=DIE(6 St cosa)dt)+D2 E(e cont sma)dt)
=D, [(—C @y )e ™™ coswyt +e Y (—wy sin wdt)J (5.53)

+D, [(—g’a)o Je < sinw,t +e ™" (@, cos wdt):|

Now, evaluate Eq. (5.53) at t =0 to get

dvc (0)

di = Dl (—CO)O ) + Dza)d (5.54)
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Finally, make use of Eq. (5.22) in Eq. (5.54) to arrive at

I
Dy (¢ )+ Doy = EO (5.55)

Use Eq. (5.52) in Eq. (5.55) to solve for D,.
Note: Using the trigonometric identities (or phasors), the underdamped response, as
given by Eq. (5.51), can be expressed in a much more useful from:

Ve (t):De’C“’"t(sinwdt—i-Q), t>0 (5.56)

The new constants D and 6 are determined from the knowledge of the constants D,
and D,.

Forced Response of the Series RLC Circuit Consider the series RLC Circuit, shown in
Figure 5.6 with zero initial conditions and driven by a step input.
This circuit is governed by the differential equation

2
d’ve R_Tdﬁ.FLVCZE, £>0 (5.57)
dt> L dt LC LC

Or using the damping ratio and undamped natural frequency

d2VC dVC 2 2
+2wg ——+ oyve =y Vr 20 5.58
e Cax it o Ve = o Vr ( )
where
28wy :£ (5.59a)
L
o= L (5.59b)
" =TC .
R, =0 i, 1y=0
—W—* '
L

+

O e

Figure 5.6 Series RLC circuit with zero initial conditions.
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and the initial capacitor voltage and the initial inductor current are zero.

ve (0)=Vy =0 (5.602)

i, (0)=1,=0 (5.60b)

Under these assumptions the solution of Eq. (5.58) is called the forced response.

In order to obtain the solution of Eq. (5.58) we need the value of the initial capacitor
voltage (which is zero in this case) as well as the value of the derivative of the capacitor
voltage at £=0.

The current through the capacitor is related to the voltage across the capacitor by:

dVC (t)

Since the current through the inductor is the same as the capacitor current (they are
in series), we have

d
iL(t)=C V;:t) (5.62)

Evaluating Eq. (5.62) at £ =0 results in

i dvc(0) 5.63
i (O)_C—dt ( )

Since the initial inductor current is zero, it follows that
ch (0)

=0 5.64
7 (5.64)

This the differential equation we need to solve; subject to its initial condition, it can
be alternatively stated as

d2VC’ dVC 2 2
+2Cwyg——+wgve =gV t20
P g0 dt oVc o VT
vc (0)=0 (5.65)
dve (0) _
dr

It can be shown (recall the discussion regarding the natural response) that the forced
solution of Eq. (5.65) assumes one of the following forms.
Overdamped response (C > 1)

Ve (t) =Vr + Eje¥ + Eye™ (5.66a)
Critically damped response (C = 1)

Ve (t):VT +(E1 +E2t)eSt (5.66]))
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Underdamped response (§ <1)

ve (t)=Vr + Ere " coswyt + Eye *™ sinwyt (5.66¢)

The constants E; and E, are evaluated using the initial conditions following the pro-
cedure discussed for the natural response.

Just as for the natural response, it is more desirable from the engineering standpoint
to express the underdamped case in the form

ve(t)=Vr + Ee ™" sin (w4t + 0) (5.67)

instead of the form in Eq. (5.66¢). The new constants E and 0 are determined from the
knowledge of the constants E; and E,.

The forced responses are shown in Figure 5.7.

Figure 5.8 shows the underdamped responses for different value of the damping
ratio C. It is important to note that for small values of { the response is highly oscillatory.
This fact manifests itself in the EMC phenomenon known as ringing, which will be
described at the end of this chapter.

Figure 5.7 Forced responses v (r) 4
of a series RLC circuit.

Underdamped
Critically damped

[

Overdamped

Figure 5.8 Underdamped responses v (1) 4

for different values of €.
4l 0<fi<fr<l

&

93



94

Foundations of Electromagnetic Compatibility

Total Response of the Series RLC Circuit Total response of the series RLC circuit is due to
both the forcing function and the non-zero initial conditions. Based on the property of
superposition (which will be discussed in Part II) the total response is the sum of the
natural and forced responses.

The total response assumes one of the following forms.

Overdamped response ({ >1)

ve (£)=Vr + Fe™ + Fe* (5.68a)

Critically damped response (§ =1)
ve(t)=Vr +(F1 +F2t)e“ (5.68b)

Underdamped response ({ <1)

ve (£)=Vr + Fe " coswgt + Fre " sinwgyt (5.68¢)
ve (¢)=Vi + Fe " sin(w,t +0) (5.68d)

All the constants in Eq. (5.68) are evaluated in a similar manner to that discussed for
the natural response.

5.2.2 Parallel RLC Circuit

A typical parallel RLC circuit configuration is shown in Figure 5.9.

At t =0, the switch closes and a dc current source, Iy, is connected to a parallel LC
configuration. The capacitor has an initial voltage of V; and the inductor has an initial
current of I.

The differential equation governing the inductor current in this circuit is (Nilsson &
Riedel, 2015, p. 280)

d, 1 diy 1. Iy
i =

dt>* RyCdt LC LC

i (0)=1,, (5.69)

diL(O)_ﬁ

dt L

t>0

] =

AL

h
l
=
a
||
| +

I Q Ry

Figure 5.9 Parallel RLC circuit.



Differential Equations

or
dziL+2ga) D iy =l £20
e o dt olL oin, L=
i (0)=1o, (5.70)
diy (0) Vo
dt L
where
oo L (5.71a)
LC
1
2wy =— (5.71b)
Sy 2C

Comparing Eqgs (5.70) and (5.24) we note that they have the same mathematical form.

It follows that the solutions of these equations will have the same mathematical form.
Therefore the natural, forced, and the total responses will have the following forms.
Overdamped response (C > 1)

ip (t)=1Iy + Fe* + Fe* (5.72a)

Critically damped response (g = 1)
Underdamped response (C < 1)

i (£)=1Iy + Fe *® coswyt + Fre *™ sino,t (5.72c¢)
i, (t)=Iy + Fe™*™" cos(wt +0) (5.72d)

All the constants in Eq. (5.72) are evaluated in a similar manner to the one discussed
for the series RLC circuit.

5.3 Helmholtz Wave Equations

In Section 6.7.4 we will derive the formulas for the radiated fields of the electric
dipole of the antenna. In our derivations we will utilize the results derived in this
section.

In this section we will present the solution of the inhomogeneous Helmholtz equation
(Balanis, 2005, p. 139)

VA +k*A=—/4f (5.73)

In order to solve this equation for the vector magnetic potential A, we will proceed as
follows.
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z Figure 5.10 Current density source located at the origin
of the coordinate system.

(x, y,2)

Let’s assume that an infinitesimal source with current density J = (0,0, J Z) is placed at
the origin of the coordinate system as shown in Figure 5.10.

To distinguish between the location where the source exists and the location of the
observation point, we will use the prime coordinates for the source and the unprimed
coordinates for the observation point, as shown in Figure 5.10.

Since the current density vector J has only a z component, then the vector A will only
have a z component, and the Eq. (5.73) can be rewritten as

VA, +k*A, =—uJ, (5.74)
At the observation point, the current density J,=0, and Eq. (5.74) becomes
V?A, +k*A, =0 (5.75)

In the limit, the source is a point, and therefore A, is not a function of  or ¢; it will
only be a function of the distance from the origin, A, = A,(r). Due to the apparent
symmetry, we will choose spherical coordinate system for evaluation of the Laplacian in

Eq. (5.75).
The Laplacian in spherical coordinate system is given by
2
V2A, =i22(r2 04, J-i— 5 1 i(sin@ 04, )+—2 1 5 0 /iz (5.76)
ror or ) rsinf 00 00 ) r°sin“@ 0¢
Thus, Eq. (5.75) can be written as
0A
Vi, +k2A, =L O Ar) |, K*A,(r)=0 (5.77)
r* or or

Taking the derivative of the term in brackets leads to

VA, +k*A, = %aﬁ{rz %(r)} +k*A,(r)=0 (5.78)
r r r
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or

2
1 ) A, (r) L 0*A,(r)

+k*A,(r)=0 (5.79)
r? or or? (r)

Equation (5.79) has two independent solutions (Balanis, 1989, p. 277)

e—jkr

Ay =C (5.80a)

and

(5.80b)

Equation (5.80a) represents an outwardly (in the radial direction) traveling wave and
Eq. (5.80b) describes an inwardly traveling wave. Since the source is placed at the origin,
giving rise to an outwardly traveling wave, we chose the solution (5.80a) and discard the
solution (5.80b). Thus,

e—jkr
AZ = AZI = Cl (5.81)
In the static case w =0, and thus
k* =w’ue =0 (5.82)
and Eq. (5.81) simplifies to
A, = & (5.83)
r

which is the solution to Eq. (5.73) or Eq. (5.75) when k=0.

Thus, at the locations away from the source the time-varying solution (5.81) and the
static solution (5.83) differ only by the e /" factor.

Thl;(S, the time-varying solution can be obtained by multiplying the static solution
by e”".

Now, at the locations when the source is present, the Helmholtz equation is that of
Eq. (5.74), repeated here

V2A, +kK*A, =—uJ, (5.84)
which in the static case becomes

VA, =-p], (5.85)

This is a well-known Poisson’s equation. The most familiar version of Poisson’s equations
is that from electrostatics

vy =L (5.86)
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where V'is the scalar electric potential and p is the electric charge density. The solution
of Eq. (5.86) is known to be

1 cp
V=—-—|=dv 5.87
47‘58".:7 ( )

The single prime for the variable of integration indicates that we integrate over the
volume where the source is present.

Since Eqgs (5.85) and (5.86) have the same mathematical forms, their solutions have
the same mathematical forms. Thus the solution of Eq. (5.84) for the static case is

A, =Lz gy (5.88)
ar LT

By analogy to Egs (5.81) and (5.83), the time-varying solution of Eq. (5.84) can be
obtained by multiplying the static solution (5.88) by e /*".
Thus,

— jkr
_ M 5.89
A, = 475!12 —dv (5.89)

is the solution of Eq. (5.84).
If the current densities were in the x and y directions (J, and ], respectively), the wave
equation

VA +Kk*A=—4f (5.90)
for each direction would reduce to
V2A, + KA, =—u], (5.91a)

VA, +k* A, =—p], (5.91b)

with corresponding solutions of the form as in Eq. (5.89) given by

—jkr
A, =4ﬂ I 1.5 av (5.92a)
T r
U e—jkr
A, = I ], - dav (5.92b)

Thus, the solution to Eq. (5.90) is

e—jkr

A=E = —av (5.93)
4 LT
where the solution vector A has the components A,, A,, A,, given by Eqs (5.92a), (5.92b),
and (5.89), respectively.
In the discussion so far, we have assumed that an infinitesimal source with current
density J =(0,0,/, ) was placed at the origin of the coordinate system.
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Figure 5.11 Current density source located away from z
the origin.

. (x,y,2)

Let’s now place the source away from the origin, as shown in Figure 5.11.

Note that the source is represented by the primed coordinates, while the observation
point by the unprimed coordinates.

Now, the solution (5.90) can be written as

—jkR
LY (5.94)

A(x,y,z =—J'] x,y,2')

where R is the distance from any point on the source to the observation point.

The solution (5.94) was derived for the volume current density (in A/m?). If J repre-
sents surface current density (in A/m), then the solution for A is given in terms of the
surface integral
o kR

ds' (5.95)

A(x,y,2)= i'ﬁs (%,9,2")
S

and if ] represents electric current (in A), then the solution for A is given in terms of the
line integral
o kR

A xy, :—II x,y, z dal (5.96)

5.4 EMC Applications

5.4.1 Inductive Termination of a Transmission Line

In this section we will show the application of the RL circuit differential equation
discussed in Section 5.1.2 to the transmission line terminated by an inductive load. We
will discuss transmission lines in detail in Part III.

Consider the circuit shown in Figure 5.12.

A line of length d is terminated by an inductor L with zero initial current. A constant
voltage source with internal resistance equal to the characteristic impedance Z of the
line is connected to the line at £ = 0.
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Zc t=0 i
AW =
Ze,V ~ Vis i -
Vg = Vi % L
R
: !
z=0 z=d

Figure 5.12 Transmission line terminated by an inductive load.

As we will learn in Chapter 17, the moment the switch closes at ¢ =0, the voltage and
current waves (v; and i;) originate at z =0 and travel down the line to reach the load end

at time 7.

Upon arriving at the load the reflected voltage and current waves (v, and i,) are
created. The differential equation (we will derive it in Section 17.1.3) governing the

reflected voltage wave is

L av. +v ——ﬁ, v, (0)=—

r

Zc dt

Rearranging Eq. (5.97) results in
v _ VsZe

77_7L
C

dav,
—+
dt

or

_ Vs Ze
2 L
Rearranging Eq. (5.99) we get
av, v,

=—+K
dt 7

or

dav, (Vr —K‘L’)

dt T

(5.97)

(5.98)

(5.99)

(5.100a)

(5.100Db)

(5.101)

(5.102)



Differential Equations

Separating the variables we get

_dv, 1., (5.103)
v, — K7t T

Now, integrating Eq. (5.103) we obtain

v,(t) t
| av,  __ | 1, (5.104)
v (6=1) V" -K7 o T
resulting in
0 __1f
In(v, K7 )| n="7 . (5.105)
or
(t)-K
() =Ke L1 (5.106)
v, (T) - K7 T
and thus
(2)-K -t
v (8)-Kr _ =) (5.107)
v, (T)-Kz
leading to
L1
v, (t)=Kt+[v,(T)-Kr e © (5.108)
Utilizing (5.100) in (5.108) we obtain
Ze,,
v, (t)z[_ﬁ&j L +(ﬁ)_[_ﬁéj L e L (t=T) (5.109)
2 L Nz 2 2 L Nz
and finally
Ze,,
v (t)=-Y5 ye 17 (5.110)
More specifically, the general solution for the differential equation (5.97) is
v,(d,t)= _%+ Vee BT oy (5.111)

The total voltage across the inductor, and the total current through the inductor are
obtained by adding the incident and reflected waves.
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v(l, t):vi +v, :%+v,(d, t)
0, for t<T (5.112)
- Vsef(ZC/L)(FT), for t>T

Figure 5.13 shows a circuit schematic of a transmission line driven by a 5V CMOS,
and terminated in an inductive load.
The driver voltage and the voltage across the inductor are displayed in Figure 5.14.

,,,,,, TL1
©50.0 ohms | ‘::::Z_LI“
£500.000.ps D

) oo Simple Ll AN

ST INetoOl Dl N

SRR ER R ERRRRRRERE §1 000 E ARy

Figure 5.13 HyperLynx circuit model of a transmission line terminated by an inductive load.

izzz { f_/ = —Jw:_d_______ ‘j Driver i'ollage -X
nductor voltage l'/
3.000 ]‘ / l
__2.000 ll AN |
% 1.000 ] ][ 1
] Y
S G —

—-1.000

K
-2.000 \ /
-3.000 k,. /

~4.000 i

0.00 1.000 2.000 3.000 4.000 5.000 6.000 7.000 8.000 9.000
Time (ns)

Figure 5.14 Driver voltage and the voltage across the inductor.
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5.4.2 Ringing on a Transmission Line

In this section we will the application of the series RLC circuit model to the phenomenon
of ringing on the PCB traces.

Many pulse circuits can be represented by the lumped equivalent circuit shown in
Figure 5.15.

This is our familiar series RLC circuit that we discussed in Section 5.2.1. When
ringing occurs, the voltage across the capacitors exhibits sinusoidal oscillations, i.e. the
circuit is underdamped.

The underdamped response was obtained as

Ve (t):VT + Ee ¢! sin(a)dt+0) (5.113)

This response occurs when the roots s; and s, of the characteristic equation (5.31) are
complex.

s =—Cwy + ¢ 7 -1 (5.114a)

81 =Ly —wpNJC 2 —1 (5.114b)

This occurs when § <1.
Recall: In series RLC circuit we have

28wy = R (5.115a)
L
o = (5.115b)
LC
Source
resistance
R L

trace

Pulse ¥ Cruce - — Chua
input \ T

Driver PCB trace Load

Figure 5.15 Lumped parameter model of a pulse circuit.
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Solving (5.115a) for £ we obtain

R
= 5.116
=3 Lo (5.116)
Substituting for @, from Eq. (5.115b) into Eq. (5.116), results in
‘- R R RJLC |RIC (5.117)
2Ly o5, 1 2L 4r? '
JLC
or
R*C
= 5118
4 il (5.118)
To avoid ringing we need { > 1, or equivalently
2
RC o1 (5.119)
4L
Thus the loop inductance would have to satisfy the inequality,
2
<K€ (5.120)
4

Let’s use some typical values for R and C and let R =20Q, C =10pF. Then the loop
inductance would have to satisfy

(20)* x10x 1072

L< =1nH (5.121)

It is easy to see that it is very easy to create a condition of ringing in an electronic
circuit.

Ringing Measurements The laboratory test setup to measure ringing is shown in
Figure 5.16.

The circuit diagram showing all intentional circuit components is shown in
Figure 5.17.

The function generator produces a 1 MHz trapezoidal 1 V,,, pulse train with adjusta-
ble rise and fall time.

With the rise and fall times set to 10 ns, the voltage measured at the input to the PCB
trace is shown in Figure 5.18.

There is no noticeable ringing present at the input to the trace.

Figure 5.19(a) shows the waveform when the rise time has been changed to 2.5ns,
while the fall time stayed at 10ns. In Figure 5.19(b), both the rise and fall time are at
2.5ns.

With the rise and/or fall time changed to 2.5 ns we observe a significant ringing pre-
sent in the system.
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PCB trace

Figure 5.16 Experimental setup for ringing measurements.

50Q
Zc=50Q

Wy
d=21cm

Pulse /" + 50Q
input \__

PCB trace | Load

Function generator
z=0 z=

Il mm
[N

Figure 5.17 Circuit model of the experimental setup.

t,=10ns 1y = 10ns

% <

fo=1MHz, V,,= 1V

Figure 5.18 Trapezoidal pulse train produced by a function generator.
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(a)

Ringin
o e ging

(b)

Ringing
.r-r"—-r-’

t.=2.5ns

Ringing —*

Figure 5.19 Ringing (a): with the rise time at 2.5 ns and fall time at 10 ns, (b) with both the rise and fall
time at 2.5ns.

Ringing waveform

Figure 5.20 Ringing waveform on the rising edge.

Figure 5.20 shows the expanded view of the ringing waveform on the rising edge.
It is evident from Figure 5.20 that the ringing waveform resembles an underdamped
sinusoid described by Eq. (5.113), repeated here.

Ve (t):VT + Ee ot sin(a)dt-i-e) (5.122)

At this point we may pose a question: why was the ringing not present (negligible)
with the 10ns rise/fall time but very pronounced with the 2.5ns rise/fall time? This
question can be answered when we compare the physical size of the PCB trace with the
electromagnetic wave wavelength at the highest frequency present in the signal. We will
discuss this topic in Chapter 15.
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It is very instructive and revealing to look at the current waveforms that can be
captured using an H-field probe, as shown in Figure 5.21.

These waveforms are shown in Figure 5.22 for the 10ns rise time case, and in
Figure 5.23 for the 2.5 ns rise time case.

Figure 5.21 H-field probe current measurements.

Voltage waveform

(]

. ﬁ
'W'MWHW_W

(@ _S00mv_& @B 7 00my ][;'l'—ll\.:.-- .;;..-J[?.';-'L:'.\..'.‘-..-\}[_n 7 soomv |

Figure 5.22 Voltage and current waveforms for the 10 ns rise time case.
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Voltage waveform

t,=1;=2.5ns
I

(T ) o) () (& )

Figure 5.23 Voltage and current waveforms for the 2.5 ns rise time case.

Note that the current waveform exhibits ringing in both cases, while the voltage
waveform in the 10ns case exhibits minimal or no noticeable ringing.
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6

Complex Numbers and Phasors

6.1 Definitions and Forms

A complex number z is a number that can be expressed as
z=x+jy (6.1)

where x and y are real numbers and

j=-1 6.2)

x is called a real part of z, and we write x = Re(z).
y is called an imaginary part of z, and we write y =Im(z).
jis called an imaginary unit, sometimes expressed as j =+/—1.

As we will soon see, there are several equivalent representations of complex numbers.
The representation in Eq. (6.1) is called the rectangular form.

Example 6.1 Rectangular form of a complex number
71 =3+/8, Re(z;)=3, Im(z)=8
zy =2—j5, Re(zz):Z, Im(zz) =-5
z3=—4+j0=—4, Re(z3)=-4, Im(z3)=0
z4 =0+j7=j7, Re(z4):O, Im(z4):7
u
When dealing with complex numbers, it is often expedient to represent them graphi-
cally. We can easily do that in a complex plane using a Cartesian coordinate system,

where the x axis is the real axis and the y axis is the imaginary axis, as shown in Figure 6.1.

Example 6.2 Complex plane
Let z=4-3j. Determine the location of this number in the complex plane.

Solution: The location is shown in Figure 6.2. ]

Foundations of Electromagnetic Compatibility with Practical Applications, First Edition. Bogdan Adamczyk.
© 2017 John Wiley & Sons Ltd. Published 2017 by John Wiley & Sons Ltd.
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Imz 4 Figure 6.1 Complex plane.
R o PO Y)
1
;
1
|
]
Lt :
L ! &
T >
0 1 X
Rez
Imz A Figure 6.2 Solution of Example 6.2.
14
0 1 4 Re z
- P@4,-3)
Imz 4 Figure 6.3 Complex number representation as a

directed line segment.

In electromagnetics problems, it is often practical to represent a complex number z as
a directed line segment from the origin to the point P in the complex plane, as shown in
Figure 6.3.
Note that r and 6 are the familiar polar coordinates of P defined by
x=rcosf :|z|c059

y=rsinf = |z|sin9
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r is called the magnitude of z, denoted |z| and

lz|=r=1x+y (6.4)

Geometrically, |z| is the distance of the point P from the origin, @ is called the angle
of z, and

0=tan2 (%n) (6.5)
x

Geometrically, 6 is the directed angle from the positive x axis and is positive in the
counterclockwise sense.

By substituting Eq. (6.3) into the rectangular form of z expressed by Eq. (6.1) we
obtain another form of a complex number z

zZ=x+ jy=rcosf + jrsin@

=r(cosf + jsin0)=|z|(cosf + jsin6) (6.6)
or
z= |z|(c050 + jsin@) (6.7)
The form in Eq. (6.7) is often denoted as
z= |z|49 (6.8)

The representations in Eqs (6.7) and (6.8) are called the polar form of a complex
number z.
All three forms are equivalent.

z=x+ jy=|z|cosO + j|z[sin6 = z|(cosO + jsin@) =|z| L6 (6.9)

Example 6.3 Polar form of z
Let z =1+ j. Obtain the polar form of z.

Solution: The magnitude of z is
|z|=\/x2 +y2 =J1+1=+2
while the angle of z is
2l T

0 =tan = 45°
1 4

The polar form of complex number z is, therefore:

z=\/§4E
4

6.2 Complex Conjugate

Given a complex number

z=x+jy (6.10)

111



112 | Foundations of Electromagnetic Compatibility

we can create another related (and very useful) complex number

2" =5 jy

This new complex number is called the complex conjugate of z.

Example 6.4 Complex conjugate
z1=3+j8, 2z =3-/8
2,=2-j5, z,=2+j5
z3=—4+j0=—4, z3=—4-j0=-4
2, =0+j7=j7, 2z4=0-j7=—j7

If z is expressed as:
z= |z|cos@ + j|z|sin0 = |z|49
then
z* = |z|c059 - j|z|sin9 = |z|cos@ + j|z|sin(—9)
=l|z|cos(—0)+ j|z[sin(-0) =|z| 26

or

If z=|z|£60 then z*=|¢z|£-0

(6.11)

(6.12)

(6.13)

(6.14)

The graphical representation of the above two complex numbers is shown in

Figure 6.4.
Imz 4 Figure 6.4 Complex number and its complex
conjugate.
P(x,y)
[ RE—
]
lzl=r |
1
1
1
i 1
! 0 |
L [l -
I T -
0 -0 1 x
. Rez
1
1
¥ =r :
1
Bt A B P*(}C, _y)
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6.3 Operations on Complex Numbers

Equality of Complex Numbers in Rectangular Form Two complex numbers

zZ1=x1+ N Zy =%y + JY2 (6.15)

are equal if their real parts are equal and their imaginary parts are equal. Thus,

z21=2y & x=x and y =y (6.16)

Equality of Complex Numbers in Polar Form 'Two complex numbers

V4l =|Z1|401, V4) =|Z2|492 (617)

are equal if their magnitudes are equal and their angles are equal. Thus,

Z21=29 <= |Zl| = |Zz| and 01 = 92 (618)

Addition of Complex Numbers Let
z1=x1+ jn Zy =%+ j)2 (6.19)
Then their sum is defined as,
Z1+ 29 =(x1 +jy1)+(x2 +jy2)=(x1 +x2)+j(y1 +y2) (6.20)

Therefore, two complex numbers in rectangular form are added by adding the real
parts and the imaginary parts separately.

Addition in polar form cannot be performed (except for the trivial cases) and therefore
is not defined.

Example 6.5 Addition of complex numbers
21:5+j2, Z2:4'+j3
Z1+2, =5+ j2+4+j3=(5+4)+j(2+3)=9+5

Multiplication by a Real Number in Rectangular Form Let z = x+ jy and a be a real number.
Then the product of 2 and z is a complex number defined as

az=a(x+ jy)=ax+ jay (6.21)
Multiplication of Complex Numbers in Rectangular Form  Let
z1=x1+jn Zy =%+ jY2 (6.22)
Then the product of z; and z; is a complex number obtained as follows

2129 = (x1 + ]yl )(xz + ]yz ) =X1Xy + jx1y2 + jy1x2 + j2y1y2 (6.23)
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Since j2 =1, we have
212y = (%1% — 3192 )+ (%102 + 71%2) (6.24)
Example 6.6 Multiplication of Complex Numbers in Rectangular Form

z2,=3+j8, z,=4-j5,
712y =(3+8)(4—j5)=12— j15+ j32— j*40 =52+ j17

|

Multiplication of Complex Numbers in Polar Form Let
zZ1=n (00591 + jsin 91) =1, cos0; + jr sin6; (6.25a)
Zy=h (c0502 + jsinf, ) =1y cos6, + jr sin6, (6.25b)

Then the product of z; and z; is a complex number that can be obtained as follows

212y = (rl costl; + jn sinf; )(r2 cosB, + jr sin 92)
=(rcosb; )(r, cosby )+ j(n cosd; )(r,sinb, )
+j(nsin6, )(r, cos6, )+ j*rir (sind; )(sin, )
=nn (cos01 cosf, —sin0; sin6, ) + jnn (sin@l cos B, +cosb, sin 92)

=nn |:COS(91 +0,)+ jsin(6; +6, )] =nnZ(6;+6,)
or
leiza|=|z1|z2|,  £(z122) = ZLz1 + 2z, (6.26)
Product of a Complex Number and Its Complex Conjugate  This is one of the most important

properties, which we will utilize often.
Let

z=x+jy, Z'=x-—jy (6.27)

then
zzt=(x+jy)(x—jy) =" — jwy+ jyx— jy* =5 + (6.28)
or

et =it 4y (6.29)

Alternatively, if the complex number and its conjugate are in polar form

z=2|£0, z*=|7£-6 (6.30)
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then

22 =(|e| £60)(|2| £~ 60) =|* £(6-0) = |2 20=|< (6.31)
or

22" = o (6.32)

Note that the product of a complex number and its complex conjugate is a real
number.

Example 6.7 Multiplication by j in rectangular form
Let z=x+ jy. Then

je=j(x+jy)=ju+ 2y =—y+jx (6.33)

Example 6.8 Multiplication by j in polar form
Let z=|¢|£6. Then since j = 0+1j =1£90°, we get

jz=(1£90°)(|2|£0) =2 £(6 +90°) (6.34)
]

Therefore, multiplication by j is equivalent to counterclockwise rotation 90°, as shown
in Figure 6.5.

Example 6.9 Negative number in polar form
Let z=-5. Then

~5=(-1)(5)=(1£180°)(5£0°) = 5£180°

Figure 6.5 Multiplication by j. Imz &

(_ys x)
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Division of Complex Numbers in Rectangular Form Let
Z1 =X+ jyl Zy =Xy + jyg (635)

Then the division of z; and z;, results in a complex number z that can be obtained as
follows

_A_ Xt (20 + 31 ) (%2 = j2)
Xty (%) (%)
_ M= s + =219 (6.36)
% + 93
_MX 1) + X Y1 —%1)s
x5+ ys x5+ 9

or

Xt XXt N1Ys XY — %)
.= 5 5 T > 3 (6.37)
Xyt JY2 X3 t)2 X3 + )2

Example 6.10 Division of complex numbers in rectangular form

z1=3+j8, z,=4-/5,
zi_3+j8 (3+/8)(4+/5) 12+15+32+,°40 —28+ 37 _ 28 .37

z, 4-j5 (4-j5)(4+)5) 4% +5% 41 TR
|
Division of Complex Numbers in Polar Form Let
zZ = |Zl|491, 2y = |Zz|é€2 (638)
The quotient z = % is the complex number satisfying zz, = z;. Therefore, we have
el=lleal=lal = =2 639
[22]
and
L(zzy)= £(2)+ L(2) = £(z1) (6.40)
= A(Z):é(zl)_é(ZZ)
Thus
a _|al<6 _@4(91_92) (6.41)

Zy - |Zz|402 - |Zz|
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Example 6.11 Division of complex numbers in polar form
z; =6£30° z,=2/45°
z _ 6£30°

= =3/£-15°
zy 2/45°
L]
Example 6.12 Division by j in rectangular form
Let z=x+ jy. Then
z_xrjy (D) _y—pm_ (6.42)
i i(=)) 1
u
Example 6.13 Division by j in polar form
Let z =|z|£6. Then
Z£0
Z_ (i )=|z|4(9—90°) (6.43)
i (1290°)
u

Therefore, division by j is equivalent to clockwise rotation by 90°, as shown in
Figure 6.6.

Powers of Complex Numbers Let z = |z| £6. Then

2 =zz2=(|2|£0)(|2| £0) =|2||c| £(6 +0) =2 226 (6.44)
More generally,
2" =(2£0)" =l|" £Zn6 (6.45)
Figure 6.6 Division by j. Imz &
y
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6.4 Properties of Complex Numbers

In this section we list some of the basic properties of complex numbers.

Z1+2y =2, +2; (6.46a)
212y = Zp2) (6.46b)
(z1+22)+23 =21 +(22 +23) (6.46¢)
(2122) 23 = 21 (2223) (6.46d)
z21(z2+23)=2120 + 2123 (6.46¢)
0+z=z+0=z2 (6.46f)
z+(-z)=(-2)+2z=0 (6.46g)
z-1=z (6.46h)

Complex Conjugate Properties

(Zl + 29 )1‘ = Z; + Z; (64:73)

(21-2,) =21 -2 (6.47b)

(z1-22 ) =2z 2 (6.47¢)
Z_j _a (6.47d)
Z9 Zy

() =2 (6.47¢)

Useful Identity

1

—== (6.48)

]

Let’s prove it.
1_(1 —jj - _ = .
j (1)(—1 -2 =(-1)

6.5 Complex Exponential Function

Let z = x+ jy be a complex number. The complex exponential function, € is defined as
(Kreyszig, 1999, p. 679)

e” =e"(cosy+/siny) (6.50)

where e”, cos y, and sin y are real functions.
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Since x and y can be any real numbers, let us set x=0. Then,
e? =" — @Ol — o (6.51)
On the other hand, using Eq. (6.50)
e’ =e*(cosy+/siny)= e’ (cosy+jsiny)=cosy+jsiny (6.52)
Comparing Egs (6.50) and (6.52) we obtain the Euler formula
e” =cosy+ jsiny (6.53)
or in terms of 0

9 = cosO + jsinf (6.54)

e
Now, since a complex number z can be expressed as
z=|z|(cos6 + jsin0) (6.55)
using Eq. (6.54), it can also be expresses as
z=|z]e” (6.56)

This form of a complex number is called an exponential form. This form, perhaps, is
the most useful form of a complex number in electromagnetic compatibility literature.
Euler formula expressed by Eq. (6.54) leads to two very useful results, as shown next.

e ¥ =/ = Cos(—9)+ jsin(—@) =cos6f — jsinfO (6.57)

Thus, we have,

e’ =cosO + jsinf (6.58a)
e =cosh —jsin6 (6.58b)
Adding both sides we get
o , —jo
cosO = £ re’ (6.59)
2
Subtracting both sides we get
jO _ o=J0
sing=""%" (6.60)
2j

6.6 Sinusoids and Phasors

6.6.1 Sinusoids

Consider a single frequency sinusoidal signal

v(t)=V coswt (6.61)
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where V is the amplitude of the sinusoid and w is the angular frequency in radians per
second, rad/s.
The period T and the angular frequency w are related by

[0

- (6.62)
The reciprocal of the period is the (cyclic) frequency (in Hz)
1

f= T (6.63)
The angular frequency w and the cyclic frequency fare obviously related by

o =27f (6.64)
Let us now consider a more general expression for a sinusoid,

v(t)=Vcos(cot+¢) (6.65)

where (wt + @) is called the argument of the cosine function, and ¢ is its phase.

The sinusoidal functions may, in general, be expressed in any of the four different
forms: either as a sine or a cosine function, with either positive or negative
amplitude.

For example,

vi(t)= 2cos<a)t + 30°) (6.66a)
Vy (t) = —SCos(a)t - 60°) (6.66b)
v3(t) = 4sin( ot +45°) (6.66¢)
va (£)=-5sin(wt -15°) (6.66d)

As we will see in the next section, we often need the sinusoid to be expressed as a
cosine function with positive amplitude, as shown in Eq. (6.66a).

Therefore, we need to be able to transform the other three forms into the positive
cosine form. To accomplish that, we could use the following trigonometric identities:

—cos(a)t+9) =cos(a)t+9 1180") (6.67a)

sin|wt+6 ) =cos| ot +0 —90° (6.67b)
(t-+6)=cos )

—sin(a)t+9):cos(a)t+9+90°) (6.67¢)

Therefore, Eqns. (5.64b—d) can be expressed as

vy ()= —3cos(a)t—60°) =3cos(a)t+120°) (6.68a)
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Figure 6.7 Trigonometric relations. —sin wt
+180° | +90°
—cos wt _180° | —90° +c0s ot
v
+sin wt
vs(£)= 4-sin(a)t+45°) - 4cos(cot —450) (6.68b)
vy (t):—55in<a)t—15°):5cos(a)t+75°) (6.68¢)

Alternatively, we may use the graphical approach (Alexander and Sadiku, 2009, p. 374)
as follows.

Consider the set of axis shown in Figure 6.7. The horizontal axis represents the cosine,
while the vertical axis (pointing down) denotes the sine. Angles are measured positively
counterclockwise from the horizontal, as usual in polar coordinates.

This figure can be used to obtain positive cosine out of the other three forms, as
follows.

Negative cosine is equivalent to positive cosine plus or minus 180°. Positive sine is
equivalent to positive cosine minus 90°. Negative sine is equivalent to positive cosine
plus 90°.

6.6.2 Phasors

Consider a positive cosine function of the form
v(t):Vcos(a)t+9) (6.69)

We could use its amplitude and phase to create a related complex number
V0 =Ve" (6.70)

Obviously, the complex number in expression (6.70) is related to the sinusoid in
expression (6.69). We often say that this complex number represents the respective
sinusoid.

Is this representation useful? Extremely! Instead of performing mathematical opera-
tions on sinusoids in the time domain (which is often difficult to do), we can perform
the operations on complex numbers related to these sinusoids, in the complex domain
(which is relatively easy to do).
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Note that the sinusoid exists in the time domain, while the complex number repre-
senting it exists in the complex domain. Therefore, they are not equal; they correspond
to each other.

Vcos(a)t+9)<—)Vej9 (6.71)

When a complex number represents a sinusoid, we call it a phasor. By representing
the sinusoid as a phasor we transform the sinusoid from the time domain to the phasor
or frequency domain.

So what is the difference between a phasor and a complex number? Every phasor is a
complex number, but not every complex number is a phasor. Only when the complex
number represents a sinusoid is it referred to as a phasor.

In electromagnetic compatibility we often deal with complex voltages and currents.
These complex expressions represent sinusoids in the time domain, and therefore
they are phasors. We also encounter complex impedance, but the impedance does
not represent a time-domain sinusoid, so it is not a phasor, but just a complex
expression.

To distinguish between the time domain variables and the complex variables, we will
adopt the notation from Paul (2006, p. 261). A complex variable will always have a “hat”
above it.

V=V/0=Ve" (6.72)

In the above expression, the magnitude V and the angle 6 are real, thus they do not
have “hats’, but the phasor is complex.

Given a phasor, in polar or exponential form, we can easily determine the time-
domain sinusoid corresponding to it. For instance, if the phasor is given by

I=1e" (6.73)
then the sinusoid corresponding to it is simply

I=1" < i(t):Icos(a)t+6’) (6.74)

Alternatively, the time-domain form of phasor quantities may be obtained by multi-
plying the phasor form by ¢“* and taking the real part of the result.

Relle/} =Icos(wt+0)=i(t) (6.75)

We will show this operation in the next section, when presenting the phasor form of
Maxwell’s equations.

Derivative in the Phasor Domain Let the time-domain sinusoid be expressed as
v(t):Vcos(wt+9) (6.76)

Its corresponding phasor is

vV =Vel (6.77)
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If we take the derivative of v(£) in expression (6.76), we will obtain another sinusoid; a
negative sine function, to be exact. That negative sine function can be expressed as a
positive cosine using the transformations discussed earlier.

Therefore, we could create a phasor representing it. The question we pose is as fol-
lows: what is the relationship between the original phasor representing v(¢) and the
phasor representing its derivative?

To answer this questions let’s take the derivative of v(¢):

dv(t)

7=—a)Vsin(a)t+9)=chos(a)t+9+90°) (6.78)

Thus the phasor representing the derivative of v(¢) is

a)Vcos(a)t +0+ 90°) o Ve (6.79)

Let’s have a closer look at this phasor.

Ve 0% — Vel e/%° (6.80)
However,
e/ = 0s90°+ jsin90° = j (6.81)

and therefore
Vel = ja)\/ej‘9 = ja)V (6.82)

We have arrived at a very important observation.

v(t) oV
dv(t) . (6.83)
— & joV

dt

That is, to obtain the phasor representing the derivative of a (sinusoidal) function, we
simply take the phasor representing that function and multiply it by jw.

6.7 EMC Applications

6.7.1 Maxwell’s Equations in a Phasor Form

Of major interest in EMC are the sinusoidal electromagnetic fields and current and
charge densities. That is, the time-domain vectors and scalar expressions are sinusoidal
functions of time and space.

For instance, the electric field intensity vector E in the time domain is given by

E(x,5,2,t)=[ E.(x,9,2,t),E,(%,9,2,t),E.(%,9, 2, )] (6.84)

where each of its components is a sinusoidal function

E.(%,9,2,t)=E,,cos(wt+0,) (6.85a)
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Ey(%,9,2,t)=E,, cos(wt+9y) (6.85b)
E, (x, ¥, 2, t) =E,, cos(cot +0, ) (6.85¢)
The corresponding phasors are
E(%9,2)= Eyp 20, = Eype/™ (6.862)
Ey (%,y,2)=E,, 20, :Eyme"ey (6.86b)
E,(%,9,2)=Ey, 20, = Epe’™ (6.86¢)

Thus, the phasor form of the E vector in Eq. (6.84) is
ﬁ(x, ¥, 2)= [Ex (%9, z),éy (%9, z),EAZ (%5, z)} (6.87)

The time-domain form of phasor quantities may be obtained by multiplying the pha-
sor form by e/ and taking the real part of the result. For example

E, (x, Vs 2, t) = Re{ﬁx (x, ¥, z)ejwt} = Re{Exme’B* ejwt}

= Re{Exmej(mgx)} = Re{Exm cos( ot + 0, )+ jEy, sin(wt + 0, )} (6.88)

=E,, cos(a)t+¢9x)

The phasor form of the derivative of the E field in (5.84) is

OE B

— & jowE 6.89

ot / (6.89)
Thus, in order to obtain Maxwell’s equations for sinusoidal excitation, we replace the

field vectors and functions with their phasor forms, and their time derivatives with the

phasor forms multiplied by jw. In a simple medium these equations in a phasor form

become (Paul, 2006, p. 908) the following

Differential form of Maxwell’s equations

VxE = —ja),ul:[ (6.90a)

VxH=(o+ joe)E+]s (6.90b)

V.E=2 (6.90¢)
&

V- -H=0 (6.90d)

Integral form of Maxwell’s equations

gSlé-dl:—jwyjH-ds (6.91a)
C S

$H-dl = (o + joc) [E-dS+ [Js - dS (6.91b)
C N S
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%Sfa dS :é j oy (6.910)

d}H-ds -0 (6.91d)

6.7.2 Transmission Line Equations in a Phasor Form

In Section 3.5.1 we obtained the transmission line equations (for a lossless line) as
oV (z,t) B l@](z, t)

5 o (6.92a)

Z

I ) )

o(zt) V(a1 (6.92b)
0z ot

The phasor transmission line equations are obtained by replacing the circuit variables
with the corresponding phasors, and replacing the time derivatives with jw.

dV(z)__, .
— joll (z) (6.93a)
di(z)__, .

6.7.3 Magnetic Vector Potential

We are now ready to utilize the knowledge gained in these first six chapters to study the
vector magnetic potential vector. This is one of the most useful concepts in the study of
radiation from antennas and the concept of the partial inductance.

We will begin with Maxwell’s divergence equation for magnetic fields:

V.B=0 (6.94)
Now, let’s recall the following vector identity (true for any vector):
V. VxA=0 (6.95)

Thus, we could define the new vector A, called the magnetic vector potential, as a
vector related to the magnetic flux density vector B by

B=VxA (6.96)

Even though the concept of a magnetic vector potential is a purely mathematical

invention, it proves to be very useful, as we shall see.
Since

B=uH (6.97)

then, in terms of the magnetic field intensity H, the vector magnetic potential A is
defined as

uH=VxA (6.98)
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or, alternatively

lillexA
Y7,

Now, recall Maxwell’s curl equation
VxE=— ja),uﬂ
Substituting Eq. (6.98) into Eq. (6.100) we obtain
VxE=—joVxA
which can be written as
V x (E + /a)A) =0

Now, we will use another vector identity

Vx(-VV)=0

(6.99)

(6.100)

(6.101)

(6.102)

(6.103)

This identity holds for any arbitrary scalar function V. Comparing Eqs (6.102) and

(6.103) we get
E+joA=-VV
or

E=-VV-jwA

The scalar function Vin Eq. (6.102) represents electric scalar potential.
Now, let’s take the curl of both sides of Eq. (6.99) to get

VXI:[:VX(lVXAJ
Y2

The right-hand side of (6.106) can be written as

vx(lw[\):l(ww[\)
H H
Comparing (6.106) and (6.107) we can write
WV xH=VxVxA
Next, we will use another vector identity
VxVxA=V(V-A)-V’A
Combining Eq. (6.108) and Eq. (6.109) we arrive at
WV xH=V(V-A)-V’A

(6.104)

(6.105)

(6.106)

(6.107)

(6.108)

(6.109)

(6.110)

Using Maxwell’s curl equation for magnetic field in the region away from a conduc-

tion current (¢ =0)
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VxH = jocE+]s (6.111)
We rewrite Eq. (6.111) as

jousE+u) =v(V-A)-V2A (6.112)

Now, we will make use of Eq. (6.105) to obtain

joue(~VV - joA )+ uf =v(v-A)-V?A (6.113a)
Thus
1 —VjoueV + o’ usA =v(v-A)-V2A (6.113b)
or
V2A+(o2,ugA:—yi+V(V'A)+ijygV (6.113c¢)
or
(6.113d)

VZ A+ ueA =—pj +V (V- A+ jousV)

Introducing a new constant,

k* = w*ue (6.114)

Eq. (6.113d) can be rewritten as
V2A+k2A =1 +V(V-A+ jousV) (5.115)
In Eq. (6.98), repeated here, we implicitly defined the vector magnetic potential A by
its curl:

uH=VxA (6.116)

In order to uniquely define a vector, we need to define it by both the curl and the
divergence. The definition of the divergence of A is independent of its curl. Thus, we are
free to choose a convenient definition.

In order to simplify Eq. (6.115) we choose

V-A=—jousV = V=—’1 V-A (6.117)
joue

which is known as the Lorentz condition (Balanis, 2005, p. 136)
Substituting Eq. (6.117) into Eq. (6.115) leads to

VA +K2A =—4) (6.118)
Additionally, Eq. (6.105), repeated here,

E=-VV-joA (6.119)
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reduces to

E=-V4, —ja)A:—ja)A—V{—

| v.A]
JoHe (6.120)
=—ja)A+v(,1 V-A]

jous

or

E-—joA-j—1 v(v.A) (6.121)
wue

Thus, once A is known, E can be obtained from Eq. (6.121) and H from

f-lvxi (6.122)
U
Alternatively, E can be found form Maxwell’s equation
VxH = joeE+Js (6.123)
with J = 0:
VxH = josE (6.124)

That is, E can be obtained from

E-—L vxH (6.125)
jwe

6.7.4 Radiated Fields of an Electric Dipole

Electric dipole, often referred to as Hertzian dipole, shown in Figure 6.8, consists of a
short thin wire of length /, carrying a phasor current , positioned symmetrically at the
origin of the coordinate system and oriented along the z axis.

Ideally the wire is infinitely short, and practically a wire of the length /< 4/50
(A=wavelength) can be considered a Hertzian dipole. Although Hertzian dipoles are
not very practical, they are utilized as building blocks of more complex geometries.

Since the current element is very short, we may assume the current to be constant

i(z’) =1Iya,, I,=const (6.126)

To find the fields radiated by the current element, we will use the two-step procedure.
First, we will determine A from the solution of the Helmholtz equation (see Eq. (5.96))

- /kR

A(x, 7,2 ”jl X, y,2 ) —adl' (6.127)

Note that R is the distance from the source location to the observation point, and
r is the distance from the origin to the observation point. Since the source is at the
origin, r=R.
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Figure 6.8 Hertzian dipole. z 4

y
The next step is to determine H and E from
a=lvA (6.128)
Yz,
E-—joh-j—v(v.A) (6.129)

wpE
or alternatively, once H is computed from A by Eq. (6.128), E can be obtained from H as

E-—L vxi (6.130)
jwe

For the Hertzian dipole shown, we have

L(x,y,2")=1oa, (6.131)
Since

R=r=1x*+y*+2* (6.132)

dl'=dz (6.133)

we rewrite Eq. (6.127) as

—jkR
(x, Y2 ):—II %y, z dl'= .[Ioaz r dz'
) A (6.134)

/
— ﬂlo e—jkr J‘ dz' a, = :UIOZ e—jkraZ
4mr Yy 4mr
/2

l
—jkr

129



130 | Foundations of Electromagnetic Compatibility

or

A(x,y, z):%e’ﬂ”az

(6.135)

The next step is to determine H, using Eq. (6.128). We will perform this operation in

spherical coordinates.

The transformation between rectangular and spherical components is given by:

A, sinfcos¢ sinfsing cosO || A,
Ay |=|cosOcosp cosOsing —sin0 || A,
Ay —sing cos¢ 0 A,
For this problem A, =4, =0, thus,
A, sinfcosp sinfsing cos6O
Ay |=| cosOcosp cosOsing —sinf
A, —sing cosQ 0 ulyl s
4mr
or
—jkr
A, 4mr .
jir
Ay |= _plole 7 sin6@
4mr
Ay 0
The curl of A in spherical coordinates is
VxA= 1 i(@sin@)—% a,
rsin@| 00 o¢

00

r

Since A, =0 and there are no ¢ variations in A, we have

1] 0 0A
VxA==| — -
) r{ar(me) 00 }a(ﬁ

and thus

ﬁleXA=L[ 9 rAg)—aA’}a(ﬁ

5( 20

AL 2 o) o[ ea)- L

(6.136)

(6.137)

(6.138)

(6.139)

(6.140)

(6.141)
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Now, we use Eq. (6.138) in Eq. (6.141) to produce

. 1] o 0A
H=—| —(r4y)——— |a
,ur_8r( Ag) 86} ’
r ke ~jkr
:i i —r%siHQ _i %cosé’ a,
ur| or 4mr 00 4mr
r . ) —jkr
:i _ylolsmé’g(e,}k,)_ylole i(cos@) a,
ur| 4m  or 4nr 00 (6.142)
1) Llsin® o ey ole M
_;{—T(—]ke )+W(sm0) a,
10[81119 v — ik Iole_jkr .
=| ——(jke’* |+ ———(sin@) |a
{ 47r (1 ) 4mr? ( ) ’
:jklolsmc9 1+i e_jk’aw
4mr jkr

Thus, the components of the magnetic field intensity H at a distance r from a Hertzian
dipole are

H,=0 (6.143a)

Hy=0 (6.143b)

H, = jw{1+$}e—ikr (6.143c)
4nr jkr

The electric field E can now be found using Eq. (6.129) or Eq. (6.130). Let’s use the
latter approach first. That is, let’s calculate E from

E-—L vxi
joe

(6.144)

The curl of H in spherical coordinates is

VxH=—1 i(H¢sin0)—% a,+l L%—ﬁ(ﬂ%) ag
rsin@| 00 oo r|sin@ 0¢ Or (6.145)

[ oH,
+—|:5(VH9)— 20 :|a¢

r
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Since H, = Hy =0 and there are no ¢ variations in H, we have
E:LVXH:L 1 {i(Hq, sinQ):la,+l|:—£(rH¢)]ag
joe joe | rsin@| 00 ri or
11 9 j—klolsme 1+ 1 e " sin6 ||a, (6.146)
joe rsin@| 00 4mr jkr
+Ll 0 1 klylsin@ 1+‘i | |ag
jogr| Or 4mr jkr
Let’s evaluate the r component first:
E, =; 1 2 ],—ldolsme 1+,L e X sing
joe rsinf | 00 4mr jkr

_ 11 1+ 1| kil e {ﬂ(sin2 9)}
e sinf jkr | 4mr? 00

_ 11 [1+ 1 }Lolzejk’%inecose

(6.147)

" @e sinf ]E 4mr

_ ik]olCOZSQ 1+‘L s
we  2mr jkr

and now the #-component:

E, :Ll _ﬁ rj—klolsme 1+L ek
joer| oOr 4mr jkr
_ 1 1) OfkKolsin®) 1| i (6.148)
wer| Or 4n jkr

=L/dolsin9 _2 1+i e,]'kr
we  4mr or jkr

Let’s evaluate the derivative term:

) ) — jkr
2 1+L eilkr :ﬂ eijkr +e_
or jkr or Jjkr

(—jke‘jk’ )(jkr) —e M jk

= —jke " +
(jkr )2
] (ke_jkr)(kr)—jke_jk'
=—jke " ~ 14
(kr)2 (6 9)

_‘_M etk — —'—i—i-;' o Ik
{’ (1) ]k [’ v <kr>2]k

1 1 ok
:{1+%— (kr)2 ](—/ke )
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Substitute Eq. (6.149) into Eq. (6.148):

E, =L 1 klylsinf o
we  4nr ar
_ 1 klplsing o
wg  4mr ar ]kr

_ 1 klylsin@ 1+.L_ (—jkefjkr)
we  4mr jkr (kr)z

=ildolsm9 1+‘i_ 12 jke
we  4mr jkr (kr)

(6.150)

Thus, the electric field intensity at a distance » from a Hertzian dipole is given by

g - L Kolcosbl, | 1 | i (6.151a)
we  2mr? jkr

Fy =L Molsinb), 1 1 | ke (6.151b)
we 4nr jkr (kr)

E, =0 (6.151c)

Whereas the magnetic field intensity at a distance r form a Hertzian dipole was
derived earlier, and is repeated here:

H,=0 (6.152a)

Hy=0 (6.152b)

H, = jw[l N ,L}e’k’ (6.152¢)
4mr jkr

Note that these two sets of equations (6.151) and (6.152) are equivalent to the set of
equations (7.1) on page 423 of Paul 2006.

We will show this equivalence using the alternative approach to computing the
electric field intensity from Eq. (6.129), repeated here:

fz:—/mA—ij(v.A) (6.153)
e

Recall that the vector magnetic potential in spherical coordinates was given by
Eq. (6.138), repeated here:

I Jjkr

wcos@

A, dmr . (6.154)
Lyle™™

Ay |= H Z; sinf
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First, we need to compute the divergence of A. In spherical coordinates we have
0.
V. A=i£(r2A,)+ L9 (4 sin0) L (6.155)
r2 or rsinf 00 rsin® O¢

Since A, =0 and there are no ¢ variations in A, we have

! 8(r2A,)+ 1 %(AgsinO)

V- -A=——
r2 or rsin@
—jkr —jkr
=i2£ FZ%COSG + 1 i _,ulole sin@sin @
r® or 47r rsinf 00 4nr
— jkr —jkr
12 0 r—ulole cosf |+ 10 _plole sin® 6
or 47 rsin@ 06 47r
_ 1 plolcosd 8 1 ulle™ 6,
——|re -———————(sin“ 0
r2  4m 8}"( ) rsin@ 4mr 60( ) (6.156)
1 ulylcosO o i 1 ulle™™
_r_24—7[( J r]ke / )—me(ZSIHQCOSQ)

‘ ‘ — jkr
_ M(e_”" — rjke % ) _ %(2C059)

4mr? 4rr
,ulolcose o _jk.UIOICOS@e_/kr 3 2,1101?59 o T
4mr? 4mr 4nr
_ ,Ulol( ]k) K 056
4n \r* r
Now, the gradient of the scalar function fin spherical coordinates is
vieZa 19 g L T, (6.157)
r r 00 rsin@ 6¢
Thus,
viv-a)=Za 19,
6r r 06
_90 _ﬂ(_ﬂ_kje—ikrcosg a, (6.158)
or| 4n\s* r
10 _,ulol( L ]kJe Ik cos |ag
ré0| 4an \r* r
Let’s start with the r component.
O _phlf1 ]k e " cos 'uIOlCOSQQ i+£ ek
or| 4m r2 r 4n or|\r* r
———’UIOZCOSO 2[i+i)e_"kr +[i+i)i(e_’h) (6.157)
4n or\r* r P r)or

N

4r r’
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= %COSQ[(E + KJ gy (% + %j(jk)(e"kr )}

ror r
. . 2 . 2
=—’ulolc059 %+%+J—/§—k— e /& =—‘u101c059 %+¥—k— e /&
47 r°oreor r 47 r r r
Next, the 8-component
10]_phl i+£ e cosO
ro0| an 2
_ 1 ,1101( 2 /kj ke [cose] (6.158)
r 4n \r r
L
an \ 2 2

Next, substitute Eqs (6.154), (6.157), and (6.158) in (6.153), repeated here:
E=_ij—ij(v-A) (6.159)
e

Again, let’s start with the r component.

]kr
ol Iole 0s6 — l cos6

1 ;uo {2 2]k kz},k,

(6.160)
]kr . )
:—j ﬂ]ole 050 — 1 /l Ol 50|: 2 +2]2k:|e_}kr

wus 4r roor

1 Il
+j—u 9 cos@{k—} Ead
oue 4n r

Let’s look at the sum of the first and the last term:

Iole ™ 1 ulyl 2
—ja)&cos0+j 20 coso| k ek
4nr oue 4n r

Jjkr
( jo+ j— K ]&cose (6.161)

wue 4nr
Il jkr
[ ]w+]w ”g]ucosezo
wpE 4mr

thus,

E, = —j—1 Lol cosO [% + %}e‘jk’
rPoor

= —jililcosé?[l—/;+i3}eﬂ"

(6.162)
1 — jkr
3 e
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Let’s introduce a different notation (to conform to the formulas in Paul, pp. 422-423):

k=P (6.163a)
I=di (6.163b)
1. (6.163¢)
we P

Then Eq. (6.162) can be written as

_2[31710‘” 9i+ 1 e B
B 4n _r2 jﬁr3

3 (6.164)
—210—0”77,3 cos6 %+% e /P
LB B

£ =228 g2 cos0| L ;L | (6165)
4r | B°r Br’ |

Now, the 8-component

Iole™ ™ 1 ull( 1
Ey=—jo —%sinG —j—//l Ol( ]kJe A sin@
4nr ous 4n \r®  r?

, (6.166)
—jkr )
:]w—ulole sinf — 1 101( 3 lkje"’k’ sin@
r

4nr Ve e 41 r?

In Part III of this book, we will define the intrinsic impedance of a medium as

= e (6.167a)
( m J_g H=MVE

and express the angular frequency as

B (6.167b)

then, the following holds
N ue =pn (6.167c)

= =

Il
5
=

(6.167d)

n
we ﬁ\/y_sﬁ
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thus,
—jkr
E, = jorloe sine—jii’[i KJ " 5in@
4nr we 4n\r*
~jpr :
=stin9+ilil(_L E) RS,
dmr Ban\ i (6.168)
IOle] ind ﬂ—jL-F 12 _lﬁr
ﬂr r
10 2 . ] . 1 1 _‘ﬂ
=—""—"nB*sin0| =—— + e /™
an P (ﬁr s ﬁzrz}
or
E, Iodlnﬂ sm@(l; ﬂzl > jﬁa.l Sje/ﬂ” (6.169)
r

Equations (6.165) and (6.169) correspond to Equations (7.1d) and (7.1e) in Paul (2006,
p. 422-423).

6.7.5 Electric Dipole Antenna Radiated Power

Electric dipole radiated power can be computed from (Paul, 2006, p. 425)
R 1(» .
$(r) :E{E(r)xH (r)} (6.170)

where the electric and magnetic fields were derived earlier as

i (E i o) (6.171a)
- (0, 0, H¢) (6.171b)
where
E-L 1 ldolcose i ok
we  2mrt ]kr (6.172a)
:UkIOZC(;se 1+‘L ok
2mr jkr
E, :L—klllsm@{l+%_ L 5 ]jke_jkr
ws  4mnr r
Jkr (kr) (6.172b)

ke

4y jkr( kr)z

jnklolsmﬁ 1 1
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f, = jHolsing| 1 e (6.172¢)
4mr jkr

Substitution of Eq. (6.172) into Eq. (6.170) produces

A

$(r) zé(égﬁ;a, ~EHja0)=(5., 55, 0) (6.173)

Let’s calculate the r component of the radiated power.

S | [ Motsinol 1] ‘
jkr (kr)z 4mr jkr
1( klsingY | | Ll I
o\ a7 +%‘(kr)z N (6.174a)
CI(Klolsing ') |1 1 |[f [ 1
_2( 4nr j{m{hrjkr (kr)zi}{ ][1+]kr}}
1+L— 1 {1+L}
jkr (kr)2 kr
or

N2 , ) ,
§r:ln(klols1n9j 1+L+L+ 1 1 1 j
2 4y ke jkr jkr ke ( kr)z ( kr)2 kr

A A

Sr = gH(/,

1
2
1| . klylsin@
— jn—1
2{]77 Anr

[\~

1 (k[olsinﬁj
77 —

- 5 4nr

1 (klylsin@Y i1 1 1 j
2N anr Y T T (0 (o7 6.174b
(kr) (kr) (kr) (6. )
2 g
_Q(klolsinﬁjz 1— j _n 71015“10 1- J k_2_n
2\ 4nr (ke || 2] dnr (kr) || A
leading to

2

1., .
o Elolsmé’ 1_ j _Z(ILIT sin2 6 - j
"2 2r (kr)* | 8\ 2 r? (kr)’

2 .9 .
=120n(lilj s1n249 1— ]3 . n=120m
8 A r (kr)

(6.174c)
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or

2 .2 .
S, :151:(ILIJ sinbr,_J (KJ (6.174d)
y) r2 (kr)?) m2

Equation (6.174d) describes the r component of the complex power density vector.
To calculate the total average power radiated by the electric dipole antenna we evaluate

the following surface integral

ﬁ:(ﬁé(r)dS
= T JTE (S‘,ar +§,9ag)r2 sinfdOdpa,

»=00=0
2n m

= j j S,r*sin0dOde
(6.175a)

9=00=0

2T W 2 .2 .
= j I ISn(ﬂj w 1-—1 3 r*sinfdOdg
9=00=0 A r (kr)

= zj T {157{%1)2[1—(10{ )3]}sin3 0d0dg

=06=0

or

. Iol 2 j 2n 3
P=15n| — | |[1-—— J. Ism 0dodg

(k")3 9=00=0

2 . I
=30n2(ﬂj {1— / ] j sin® 8dOd g, j sin® 9019:%
6=0 6=0 (6.175b)

and thus

2 ,
pzlgonﬁ[ﬂJ - (6.175¢)
3\ 4 (kr)

The real radiated power is just the real part of the complex power in Eq. (6.175c).

2 2 .9
Py :772 Ll =80m> ) Io (6.176)
304 r) 2
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7

Basic Laws and Methods of Circuit Analysis

7.1 Fundamental Concepts

7.1.1 Current

The motion of electric charges constitutes an electric current, denoted by the letters i
or /. As a matter of vocabulary, we say that a current flows along a path, from A to B, or
through an element, as shown in Figure 7.1.

Note that a complete description of current requires both a value and a reference
direction, as shown in Figure 7.1.

By definition, current is the time rate of change of charge, or

dq C
S [A——} 7.1)

We consider the network elements to be electrically neutral. That is, no net charge
can accumulate in the element. Charges may not accumulate or be depleted at any
point. Any charge entering the element must be accompanied by an equal charge
leaving the element.

7.1.2 Voltage

Charges in a conductor may move in a random manner. To move the charges in a con-
ductor in a particular direction requires some work or energy transfer.

We define the voltage v4p between two points A and B in an electric circuit as the
energy (work) needed to move a unit of charge from A to B.

Mathematically,
dw ]
12 = —_— V = — 7.2
= [ C} (7.2)

As a matter of vocabulary, we say that a voltage exists across an element, or between
two points or nodes, as shown in Figure 7.2.

Note that a complete description of voltage requires both a value and a reference
direction, as shown in Figure 7.2.

Foundations of Electromagnetic Compatibility with Practical Applications, First Edition. Bogdan Adamczyk.
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A B A B
o I:l -
i 2 mA
Figure 7.1 Current designation.
+ v _ A Figure 7.2 Voltage designation.
4 1 5 +
| I
3.6 mV
—«B
(a) (b) Figure 7.3 Passive sign
convention: (a) satisfied, (b) not
satisfied.
i + % _
A » — B
| I

B

Passive Sign Convention For any electrical element, if the current reference direction,
upon entering the element, points into the positive voltage reference direction, the
current and voltage so defined are said to satisfy the passive sign convention (Alexander
and Sadiku, 2009, p.11).

In Figure 7.3(a) the passive sign convention is satisfied, while in Figure 7.3(b) it is not.

7.1.3 Power

Voltage and current are useful variables in the analysis and design of electrical circuits.
The circuit specifications, in addition to voltage and current, often include the require-
ment on power that the circuit needs to deliver to a load.
In transferring charge through an element, work is being done, or energy is being
transferred. We define power p, as the rate at which energy w is being transferred.
Mathematically,

_aw _J
p= 7 {\X/ J (7.3)

In the circuit analysis, it is more convenient to work with the circuit variables (voltage
and current) than the field variables (energy or vector quantities). It is, therefore, pre-
ferred to express power in term of voltage and current.

Note that (7.3) can be written as

_dw_dw dq

it dq dt (7:4)
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and thus
p=vi [W=VA] (7.5)

When the passive sign convention is satisfied, the power calculated according to (7.5)
is called the power absorbed or dissipated by the element.

If the current and voltage direction do not satisfy the passive sign convention,
the power calculated using (7.5) is called the power delivered by the element.

7.1.4 Average Power in Sinusoidal Steady State

Average Power in the Time Domain When voltage and current in Eq. (7.5) are time
varying, then the power that is obtained from

p(t)=v(t)i(t) (7.6)

is often referred to as the instantaneous power.

Of special interest to us is the case when both voltage and current are sinusoidal
function of time. Sinusoidal steady state analysis is of paramount importance in EMC
engineering.

Let the voltage and current at the terminals of the circuit be

v(t):Vm cos(cot—i—@v) (7.7)

i(t)z[m cos(a)t+9i) (7.8)

where V,,, [, are the amplitudes, and 6, and 0; are the phase angles of the voltage and
current, respectively.

Since we are operating in the sinusoidal steady state, we may choose any convenient
reference for zero time. It is convenient to use a zero reference time corresponding to
the instant the current is passing through a positive maximum.

This reference system requires a shift of both the voltage and current by 6,. Thus,
Eqs (7.7) and (7.8) become

v(t):Vm cos(cot—i—@v —Qi) (7.9)
i(t)=1,, cos(wt) (7.10)

When we substitute Eqs (7.9) and (7.10) into Eq. (7.6), the instantaneous power
absorbed by the element is

p(t)=v(t)i(t)=V,1,, cos(wt +06, —6; )cos(wt) (7.11)

Let’s make use of the trigonometric identity

cosa cos 3 =%[cos(a—ﬁ)+cos(a+ﬁ)] (7.12)
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Then Eq. (7.11) can be expressed as

p(t)= sz]m cos(6, —6; )+ szlm cos (2wt+9v —9,-) (7.13)

Note that p(t) is periodic with a period T, =T/2 since its frequency is twice that of
voltage or current.

The instantaneous power may be positive, negative, or zero, depending on the time ¢
at which it is evaluated, and thus does not convey much information about the element
or system. Of much more use is the average power which, as we shall see, is not a
function of time.

The average power is the average of the instantaneous power over one period. Thus,
the average power is given by

Py =— | p(t)dt (7.14)

where T is the period of p(¢), and the instantaneous power is expressed by (7.13).
We would get the same result is we performed the integration in (7.14) over the time
interval of two periods, T = 2Tj; that is, the average power can also be computed from

T
1
P, == [p(t)dt 7.15
- !p( ) (7.15)
Substituting (7.13) into (7.15) results in

151 171
P, = —I—lem cos(@v -0, )dt+—j—lem Cos(2a)t +0, —Qi)dt
T2 T2

, (7.16)

= leIm cos(@v —Gi)+lelmiJ‘cos(2a)t+0v —Qi)dt
2 2 " T

Note that the second term contains the integral of the sinusoid over its period.
This integral is zero because the area under the sinusoid during a positive half-cycle is
cancelled by the area under it during the following negative half-cycle.

Thus, the second term in (7.16) vanishes and the average power becomes

1
Py :Evmlm COS(QV _01') (7.17)
Average Power in the Phasor Form  The phasor forms of v(¢) and i(¢) are

V=V,/0, (7.18a)

1=1,/6 (7.18b)
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Let’s evaluate the following expression

s :%lemz(ﬁv -6)

1
2 2 (7.19)
:EVW,IW, [cos(@v —0;)+ jsin(6, —6’,«)}

Comparing (7.19) with (7.17) reveals that the average power can be computed from
the phasor forms as

P, = Re{%l}i*} (7.20)

Average Power Delivered to a Resistive Load In the next section we will show that the
voltage current relationship for a resistor in phasor domain is

V =RI (7.21)
Since
1=1,/6 (7.22)

it follows that
V =RI, /0, (7.23)

Now, utilizing Eq. (7.20), we obtain the average power delivered to a resistive load as
P, = Re{lvr}
2
= Re{%(leLHi )Ll —6; )} (7.24)
1
- Re{E(RIm,» (L )}

or
2

A

P,.=—R (7.25)
2

7.2 Laplace Transform Basics

7.2.1 Definition of Laplace Transform

Consider a time function f{£) defined for ¢>0. The Laplace transform operates on a
time function and creates a new function that exists in a new domain, called the Laplace
or s domain.

F(s)=L{f(t)} (7.26)
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