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A few years ago when I was about to teach another EMC fundamentals course for 
the industry, I was contacted by some of the participants asking about a textbook for the 
course. Then I realized that there is no single self‐contained book covering the topics 
of mathematic, electric circuits and electromagnetics with the focus on EMC. There 
is a plethora of books devoted to each of these subjects separately and each written for 
a general audience. It was then that the idea of writing this book was born.

This text reviews the fundamentals of mathematics, electric circuits, and electromag-
netics specifically needed for the study of EMC. Each chapter reviews the material per-
tinent to EMC and concludes with practical EMC examples illustrating the applicability 
of the discussed topics. The book is intended as a reference and a refresher for both the 
practicing professionals and the new EMC engineers entering the field.

This book also provides a background material helpful in following the two classical 
texts on EMC: Clayton Paul’s “Introduction to Electromagnetic Compatibility” (Wiley, 
2006) and Henry Ott’s “Electromagnetic Compatibility Engineering” (Wiley, 2009). 
Many formulas in those two books (presented without derivations) are derived from 
basic principles in this text.

This approach provides the reader with the understanding of the underlying assump-
tions and the confidence in using the final results. This insight is invaluable in the field 
of EMC where so many design rules and principles are based on several approximations 
and are only valid when the underlying assumptions are met.

The author owes a great deal of gratitude for the insight and knowledge gained 
from  the association with colleagues from the EMC lab at Gentex Corporation 
(Bill  Spence and Pete Vander Wel) and the EMC specialists and friends at E3 
Compliance LLC (Jim  Teune and Scott Mee). The author would also like to thank 
Mark Steffka for his  guidance and help over the past ten years. Finally, the author 
would like to acknowledge the support of Grand Valley State University and especially 
its engineering dean Paul Plotkowski who was instrumental in the creation of the 
EMC Center, greatly contributing to the EMC education and the publication of 
this book.

Bogdan Adamczyk
Grand Rapids, Michigan, September 2016
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1

Matrices and determinants are very powerful tools in circuit analysis and electromag-
netics. Matrices are useful because they enable us to replace an array of many entries as 
a single symbol and perform operations in a compact symbolic form.

We begin this chapter by defining a matrix, followed by the algebraic operations and 
properties. We will conclude this chapter by showing practical EMC‐related applica-
tions of matrix algebra.

1.1  Basic Concepts and Operations

A matrix is a mathematical structure consisting of rows and columns of elements (often 
numbers or functions) enclosed in brackets (Kreyszig, 1999, p. 305).

For example,

	

A
6 5 2
3 2 0
7 1 4

	 (1.1)

The entries in matrix A are real numbers. Matrices L and C in Eq. (1.2) are the matrices 
containing per‐unit‐length inductances and capacitances, respectively, representing a 
crosstalk model of transmission lines (Paul, 2006, p. 567). (We will discuss the details of 
this model later in this chapter.)

	
L C

l l
l l

c c c
c c c

G m

m R

G m m

m R m
, 	 (1.2)

We denote matrices by capital boldface letters. It is often convenient, especially when 
discussing matric operations and properties, to represent a matrix in terms of its gen-
eral entry in brackets:

	

A a

a a a
a a a

a a a

ij

n

n

m m mn

11 12 1

21 22 2

1 2

�
�

� � � �
�

	 (1.3)

Matrix and Vector Algebra
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Here, A is an m × n matrix; that is, a matrix with m rows and n columns.
In the double‐subscript notation for the entries, the first subscript always denotes the 

row and the second the column in which the given entry stands. Thus a23 is the entry in 
the second row and third column.

If m = n, we call A an n × n square matrix. Square matrices are particularly important, 
as we shall see.

A matrix that has only one column is often called a column vector. For example,

	
V Iz t

V z t
V z t

z t
I z t
I z t

G

R

G

R
, 

, 
, 

, 
, 
, 

, 	 (1.4)

Here, V and I are the column vectors representing the voltages and currents, respec-
tively, associated with the crosstalk model of transmission lines (Paul, 2006, p. 566).

Equality of Matrices  We say that two matrices have the same size if they are both m × n.
Two matrices A = [aij] and B = [bij] are equal, written A = B, if they are of the same 

size and the corresponding entries are equal; that is, a11 = b11, a12 = b12, and so on. For 
example, let

	
A B

a a
a a

11 12

21 22

7 4
2 8, 	 (1.5)

Then A = B implies that a11 = 7, a12 = −4, a21 = 2, and a22 = 8.

Matrix Addition and  Scalar Multiplication  Just like the matrix equality, matrix addition 
and scalar multiplication are intuitive concepts, for they follow the laws of numbers. 
(We point this out because matrix multiplication, to be defined shortly, is not an 
intuitive operation.)

Addition is defined for matrices of the same size. The sum of two matrices, A and B, 
written, A + B, is a matrix whose entries are obtained by adding the corresponding 
entries of A and B. That is,

	
A B A B

a a
a a

b b
b b

a b a11 12

21 22

11 12

21 22

11 11
, ,

112 12

21 21 22 22

b
a b a b 	 (1.6)

The product of any matrix A and any scalar k, written kA, is the matrix obtained by 
multiplying each element of A by k. That is,

	
A A

a a
a a k

ka ka
ka ka

11 12

21 22

11 12

21 22
, 	 (1.7)

From the familiar laws for numbers, we obtain similar laws for matrix addition and 
scalar multiplication.

	 A B B A	 (1.8a)

	 k k kA B A B	 (1.8b)
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	 A 0 A 	 (1.8c)

	 A A 0	 (1.8d)

	 1A A	 (1.8e)

	 0A 0	 (1.8f )

There is one more algebraic operation: the multiplication of matrices by matrices. 
Since this operation does not follow the familiar rule of number multiplication we 
devote a separate section to it.

1.2  Matrix Multiplication

Matrix multiplication means multiplying matrices by matrices. Recall: matrices are 
added by adding corresponding entries, as shown in Eq. (1.6). Matrix multiplication 
could be defined in a similar manner:

	
A B AB

a a
a a

b b
b b

a b a11 12

21 22

11 12

21 22

11 11 12
, ,

bb
a b a b incorrect

12

21 21 22 22
	 (1.9)

But it is not. Why? Because it is not useful.
The definition of multiplication seems artificial, but it is motivated by the use of 

matrices in solving the systems of equations.

Matrix Multiplication  If A [ ]aij  is an m × n matrix and B [ ]bij  is an n × p matrix, then 
the product of A and B, AB C [ ]cij , is an m × p matrix defined by

	

c a b a b a b a b

i m j p

ij
k

n

ik kj i j i j in nj
1

1 1 2 2

1 2 1 2



, , , ; , , ,
	 (1.10)

Note that AB is defined only when the number of columns of A is the same as the 
number of rows of B. Therefore, while in some cases we can calculate the product AB, 
of matrix A by matrix B, the product BA, of matrix B by matrix A, may not be defined.

We also observe that the (i,j) entry in C is obtained by using the ith row of A and the 
jth column of B.
	

a a a
a a a

a a a

a a a

n

n

i i in

m m mn

11 12 1

21 22 2

1 2

1 2

�
�

� � � �
�

� � � �
�

b b b b
b b b b

b b b b

j p

j p

n n nj n

11 12 1 1

21 22 2 2

1 2

� �
� �

� � � � � �
� � pp

p

p

ij

m m mp

c c c
c c c

c
c c c

11 12 1

21 22 2

1 2

�
�

� � �
�

	 (1.11)
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Example 1.1  Matrix multiplication

	

A B

AB

7 2
1 8

6 4
5 2

7 2
1 8

6 4
5 2

, ,

77 6 2 5 7 4 2 2
1 6 8 5 1 4 8 2

52 32
46 20 	 ▪

Example 1.2  Multiplication of a matrix and a vector

	

4 2
1 8

3
7

4 3 2 7
1 3 8 7

26
59

	

whereas 
3
7

4 2
1 8  is undefined.

▪
It is important to note that unlike number multiplication, multiplication of two square 

matrices is not, in general, commutative. That is, in general, AB ≠ AB

Example 1.3  Multiplication of matrices in a reverse order
Using the matrices from Example 1.1, but multiplying them in a reverse order, we get

	

A B

BA

7 2
1 8

6 4
5 2

6 4
5 2

7 2
1 8

, ,

66 7 4 1 6 2 4 8
5 7 2 1 5 2 2 8

46 44
37 26 	

which differs from the result obtained in Example 1.1.
▪

1.3  Special Matrices

The most important special matrices are the diagonal matrix, the identity matrix, and 
the inverse of a given matrix.

Diagonal Matrix  A diagonal matrix is a square matrix that can have non‐zero entries 
only on the main diagonal. Any entry above or below the main diagonal must be zero.

For example,

	

A
4 0 0
0 3 0
0 0 7

	 (1.12)
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Identity Matrix  A diagonal matrix whose entries on the main diagonal are all 1 is called 
an identity matrix and is denoted by In or simply I.

For example,

	

I
1 0 0
0 1 0
0 0 1

	 (1.13)

The identity matrix has the following important property

	 AI IA A	 (1.14)

where A and I are square matrices of the same size.
Also, for any vector b we have

	 Ib b	 (1.15)

where the identity matrix is of the appropriate size.

1.4  Matrices and Determinants

If we were to associate a single number with a square matrix, what would it be? The 
largest element, the sum of all elements, or maybe the product? It turns out that there is 
one very useful single number called the determinant.

For a 2 × 2 matrix, we can obtain its determinant using the following approach:

	
det A

a a
a a a a a a

11 12

21 22
11 22 21 12	 (1.16)

Note that we denote determinant by using bars (whereas we denote the matrices by 
using brackets).

Example 1.4  Determinant of a 2 × 2 matrix

	

3 5
2 6 3 6 2 5 8

	 ▪

The procedure for obtaining the determinant for a 3 × 3 matrix is a bit more involved.
Let the matrix A be specified as

	

A
a a a
a a a
a a a

11 12 13

21 22 23

31 32 33

	 (1.17)
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Its determinant

	

det A
a a a
a a a
a a a

11 12 13

21 22 23

31 32 33

	 (1.18)

can be obtained using the following procedure. Let’s create an augmented “determi-
nant” by rewriting the first two rows underneath the original ones:

	

detaug

a a a
a a a
a a a
a a a
a a a

A

11 12 13

21 22 23

31 32 33

11 12 13

21 22 23

	 (1.19)

then the value of det A can be obtained by adding and subtracting the triples of numbers 
from the augmented determinant as follows:

	

det A =

a
11

a
12

a
13

a
21

a
22

a
23

a
31

a
32

a
33

a
11

a
12

a
13

a
21

a
22

a
23

= a
11

a
22

a
33  

+ 
 
a

21
a

22
a

13 
+ a

31
a

12
a

23

–a
21

a
12

a
33 

– a
11

a
32

a
23 

– a
31

a
22

a
13 	 (1.20)

Example 1.5  Determinant of a 3 × 3 matrix
Calculate determinant of a matrix A given by

	

A
6 1 3
7 2 5
9 8 4

	

Solution:  Create and evaluate the augmented determinant.

	

6 1 3
7 5

det A = 8 4
6 1 3
7 –2 5

–2
–9

= (6) (–2) (4) + (7) (8) (3) + (–9) (1) (5)
–(7) (1) (4) – (6) (8) (5) – (–9) (–2) (3) = –247	 ▪
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Why do we need to know how to obtain a second‐ or third‐order determinant? 
Obviously, we could use a calculator or a software program to do that for us. There are 
numerous occasions when the software or a calculator would not be able to handle the 
calculations.

As we will later see, when discussing capacitive termination to a transmission line, we 
will need to obtain a symbolic solution in a proper form; even if we had access to a 
symbolic‐calculation software, its output, in most cases, would not be in a useful form.

When discussing Maxwell’s equations, we will need to evaluate a third‐order determi-
nant whose entries are vectors, vector components, and differential operators. This can 
only be done by hand.

1.5  Inverse of a Matrix

An inverse of a square matrix A (when it exists) is another matrix of the same size, 
denoted A−1. This new matrix, is perhaps, the most useful matrix in matrix algebra.

The inverse of a matrix has the following property of paramount importance

	 AA A A I1 1 	 (1.21)

Given a square matrix of numbers we can easily obtain its inverse using a calculator 
or an appropriate software package. In many engineering calculations, however, we 
need to obtain the inverse of a 2 × 2 matrix in a symbolic form.

Let

	
A

a a
a a

11 12

21 22
	 (1.22)

Then the inverse of A can be obtained as

	
A

A
1 22 12

21 11

1
det

a a
a a 	 (1.23)

Example 1.6  Inverse of a 2 × 2 matrix
Obtain the inverse of

	
A

4 3
2 5

	

Solution:  According to Eq. (1.23) the inverse of A is

	

A 1
14 3

2 5
1

4 3
2 5

5 3
2 4

1
20 6

5 3
2 4

5
14

3
14

2
14

4
14 	
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Verification:

	

AA 1
4 3
2 5

5
14

3
14

2
14

4
14

20 6
14

12 12
14

100 10
14

6 20
14

1 0
0 1

	 ▪

1.6  Matrices and Systems of Equations

We will now explain the reason behind the “unnatural” definition of matrix multiplica-
tion. Consider a system of equations:

	

a x a x a x b
a x a x a x b
a x a x a x

11 1 12 2 13 3 1

21 1 22 2 23 3 2

31 1 32 2 33 3 bb3

	 (1.24)

Let’s define three matrices as follows:

	

A x
a a a
a a a
a a a

x
x
x

11 12 13

21 22 23

31 32 33

1

2

3

, ,, b
b
b
b

1

2

3

	 (1.25)

Then the system of equations (1.24) can be written in compact form using matrices 
defined by Eq. (1.25) as

	 Ax b	 (1.26)

Since

	

Ax
a a a
a a a
a a a

x
x
x

a

11 12 13

21 22 23

31 32 33

1

2

3

111 1 12 2 13 3

21 1 22 2 23 3

31 1 32 2 33 3

x a x a x
a x a x a x
a x a x a x

b
b
b

1

2

3

b

	 (1.27)

and two matrices are equal when their corresponding entries are equal. Thus, Eqs (1.24) 
and (1.27) are equivalent.

Equation (1.26) shows one of the benefits of using matrices: a system of linear equa-
tion can be expressed in a compact form. An even more important benefit is the fact 
that we can obtain the solution to the system of equations by manipulating the matrices 
in a symbolic form instead of the equations themselves. This will be shown in the next 
section.
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1.7  Solution of Systems of Equations

Consider a system of equations:

	 Ax b	 (1.28)

If the inverse of A exists, then premultiplication of Eq. (1.28) by A 1 results in

	 A Ax A b1 1 	 (1.29)

Since A−1A = I, it follows

	 Ix A b1 	 (1.30)

Because Ix = x, we obtain the solution to Eq. (1.28) as

	 x A b1 	 (1.31)

Example 1.7  Solution of systems of equations using matrix inverse
Obtain the solution of

	

4 3 12
2 5 8

1 2

1 2

x x
x x 	

using matrix inversion.

Solution:  Our system of equations in matrix form can be written as

	

4 3
2 5

12
8

1

2

x
x

	

According to Eq. (1.31), the solution, therefore, can be written as

	

x
x

1

2

14 3
2 5

12
8

	

Utilizing the result of Example 1.6, we have

	

x
x

1

2

14 3
2 5

12
8

5
14

3
14

2
14

4
14

12
8

5
14

12 3
14

8

2
14

122 4
14

8

6
4

	 ▪
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1.8  Cramer’s Rule

As we have seen, we can obtain a solution to a system of equations using matrix inver-
sion. When dealing with 2 × 2 matrices, it is sometimes more expedient to use an alter-
native approach using Cramer’s rule.

Let the system of equations be given by

	

a x a x b
a x a x b

11 1 12 2 1

21 1 22 2 2
	 (1.32)

or in a matrix form:

	 Ax b	 (1.33)

where

	
A x b

a a
a a

x
x

b
b

11 12

21 22

1

2

1

2
, , 	 (1.34)

The main determinant of the system is

	
D

a a
a a

11 12

21 22
	 (1.35a)

Let’s create two additional determinants D1 by replacing the first column of D with 
the column vector b, and the determinant D2 by replacing the second column of D 
by the column vector b. That is,

	
D

b a
b a1

1 12

2 22
	 (1.35b)

	
D

a b
a b2

11 1

21 2
	 (1.35c)

Then the solution of the system of equations in (1.32) is

	
x D

D
x D

D
D1

1
2

2 0, , 	 (1.36)

Example 1.8  Solution of systems of equations using Cramer’s rule
We will use the same system of equations as in Example 1.7.

	

4 3 12
2 5 8

1 2

1 2

x x
x x 	
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Using Cramer’s rule we obtain the solutions as

	

x

x

1

2

12 3
8 5

4 3
2 5

12 5 8 3
4 5 2 3

6

12 3
8 5

4 3
2 5

44 8 2 12
4 5 2 3

4

	
which, of course, agrees with the solution of the previous example.

▪

1.9  Vector Operations

In this section we define two fundamental operations on them: scalar product and 
vector product.

1.9.1  Scalar Product

Scalar product (or inner product, or dot product) of two vectors A and B, denoted A B, 
is defined as

	 A B A B cos 	 (1.37)

where 0  is the angle between A and B (computed when the vectors have their 
initial points coinciding).

Note that the result of a scalar product, as the name indicates, is a scalar (number).
Also note that when two vectors are perpendicular to each other, their scalar product 

is zero.

	 if 90 0cos 	 (1.38)

The order of multiplication in a scalar product does not matter, that is,

	 A B B A	 (1.39)

1.9.2  Vector Product

Vector product (or cross product) of two vectors A and B, denoted A B, is defined as a 
vector V whose length is

	 V A B sin 	 (1.40)

where γ is the angle between A and B, and whose direction is perpendicular to both 
A and B and is such that A, B, and V, in this order, form a right‐handed triple.
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Note that a vector product results in a vector. Also note that when two vectors are 
parallel to each other, their vector product is a zero vector.

	 if 0 0sin 	 (1.41)

The order of multiplication in a vector product does matter, since

	 A B B A	 (1.42)

1.10  EMC Applications

1.10.1  Crosstalk Model of Transmission Lines

In this section we will show how the matrices can be used to describe a mathematical 
model of the crosstalk between wires in cables or between PCB traces.

Crosstalk occurs when a signal on one pair of conductors couples to an adjacent pair 
of conductors, causing an unintended reception of that signal at the terminals of the 
second pair of conductors. Figure 1.1 shows a PCB specifically designed to produce this 
phenomenon.

PCB geometry is shown in Figure 1.2(a) and the corresponding circuit model is shown 
in Figure 1.2(b).

A pair of parallel conductors called the generator (aggressor) circuit connects a source 
represented by VS and Rs to a load represented by RL. Another pair of parallel conduc-
tors is adjacent to the generator line. These conductors, the receptor (or victim) circuit, 
are terminated at the near and far end. Signals in the generator circuit induce voltages 
across the receptor circuit terminations (Adamczyk and Teune, 2009). This is shown in 
Figure 1.3.

The generator and receptor circuits have per‐unit‐length self inductances lG and lR, 
respectively, associated with them, and a per‐unit‐length mutual inductance lm between 
the two circuits. The per‐unit‐length self‐capacitances between the generator conduc-
tor and the reference conductor and between the receptor conductor and the reference 
conductor are represented by cG and cR, respectively. The per‐unit‐length mutual 

Figure 1.1  PCB used for creating crosstalk between traces.
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capacitance between the generator and receptor conductors is represented by cm. This 
is shown in Figure 1.4.

Differential equations describing the model in Figure 1.4 are (Paul, 2006, pp. 565–566):

	
V z t

z
l

I z t
t

l
I z t

t
G

G
G

m
R, , , 

	 (1.43a)

	
V z t

z
l

I z t
t

l
I z t

t
R

m
G

R
R, , , 

	 (1.43b)

	
I z t

z
c c

V z t
t

c
V z t

t
G

G m
G

m
R, , , 

	 (1.43c)

Generator IG(z, t)

VG(z, t)

Generator conductorReceptor

Receptor conductor

Ground plane Reference conductor

IG(z, t) + IR(z, t)

Vs(t)

Rs

RL
RFEVFERNE VNE

IR(z, t)
VR(z, t)

Z = 0 Z = L

(a) (b)

+ +

+

–

– –

+

–

+

–

Figure 1.2  Three‐conductor transmission line: (a) PCB arrangement; (b) circuit model.

Run

Aggressor signal

Case 1

25 mils

54.8 mils

Victim line – Near end

Fall time = 200 ns

Trig′d

1.54 mV

200 ns 5.00 GS/s
10 k points

0.001
–288.000 ns

1Vpp

500 mV ΩB
V 1.00 mV ΩB

V 1.00 mV ΩB
V

760 μV

560 μV

260 μV
Victim line – Far end

Rise time = 100 ns

Figure 1.3  Crosstalk induced by the aggressor circuit in the victim circuit.
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I z t

z
c

V z t
t

c c
V z t

t
R

m
G

R m
R, , , 

	 (1.43d)

Let’s introduce the following matrices:

	
V z t

V z t
V z t

G

R
, 

, 
, 

	 (1.44a)

	
I z t

I z t
I z t

G

R
, 

, 
, 

	 (1.44b)

	
L

l l
l l
G m

m R
	 (1.44c)

	
C

c c c
c c c

G m m

m R m
	 (1.44d)

Equations (1.43) can now be written in a matrix form as:

	 z
z t

t
z tV L I, , 	 (1.45a)

	 z
z t

t
z tI C V, , 	 (1.45b)

To appreciate the usefulness of this matrix form, we will compare it to the two‐
conductor transmission lines equations (Paul, 2006, p. 183):

Generator conductor

Reference conductor

Receptor conductor

IG(z + Δz, t)

IG(z, t) + IR(z, t)

IR(z, t)

VR(z, t)

VG(z, t)

IR(z + Δz, t)

VR(z + Δz, t)

VG(z + Δz, t)

cG ΔzcRΔz

cmΔzlmΔz

lRΔz

lGΔz

z + Δzz

IG(z, t)

+

+

–

+

––

+

–

Figure 1.4  Per‐unit length circuit model of three‐conductor transmission line.
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V z t

z
l

I z t
t

, , 
	 (1.46a)

	
I z t

z
c

V z t
t

, , 
	 (1.46b)

Notice that the equations in matrix form (1.45) have an appearance identical to that 
of the transmission‐line equations (1.46) for a two‐conductor line. Equations of the 
same mathematical form have solutions of the same mathematical form. This is a very 
powerful result since two‐conductor transmission line theory easily provides consider-
able insight into the theory of multiple‐line conductors.

1.10.2  Radiated Susceptibility Test

Radiated susceptibility test RS 101 of MIL STD‐461‐G and ISO 11452‐8 standards 
utilizes the radiating loop fixture shown in Figure 1.5.

The fixture used can be modeled as magnetically coupled coils of a transformer 
shown in Figure 1.6.

Figure 1.5  Radiating loop fixture.

Î1

V1 V2

L1 L2

Î2

+

ˆˆ

–

+

–

M
Figure 1.6  Coupled coils in the frequency domain.
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In Chapter 10 we will derive the following equations governing this circuit

	 1 1 1 2
ˆ ˆ ˆV j L I j MI 	 (1.47a)

	 2 1 2 2
ˆ ˆ ˆV j MI j L I 	 (1.47b)

In matrix form, Eq. (1.47) can be written as

	

1 1 1

22 2

ˆ ˆ

ˆ ˆ
V j L j M I

j M j LV I 	 (1.48)

The solution of Eq. (1.48) can be obtained by matrix inversion or by Cramer’s rule 
discussed in this chapter. Let’s present both methods.

Matrix Inversion Approach  Using matrix inversion, the solution of Eq. (1.48) is

	

1
1 1 1

22 2

ˆ ˆ

ˆ ˆ
I j L j M V

j M j LI V 	 (1.49)

The inverse of the matrix is obtained according to Eq. (1.23) as

	

j L j M
j M j L j L j M

j M j L

j L j M
j M j L

1

2

1

1

2

21
1

1
2

1 2
2

2

1

2
2

1 2

L L M

j L j M
j M j L

j L
L L 22 2

1 2
2

2
1 2

2
1

2
1 2

2

M
j M

L L M
j M

L L M
j L

L L M
jL

M L L
jM

M L L
jM

M L L
jL

M L L

2

1 2 1 2

1 2

1

1 2

	 (1.50)

And thus

	

2

1 1 2 1 2 1

12 2

1 2 1 2

ˆ ˆ

ˆ ˆ

j L j M

I M L L M L L V
j M j LI V

M L L M L L

	 (1.51)
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resulting in

	

2
1 1 2

1 2 1 2

ˆ ˆ ˆj L j M
I V V

M L L M L L 	 (1.52a)

and

	

1
2 1 2

1 2 1 2

ˆ ˆ ˆj M j L
I V V

M L L M L L 	 (1.52b)

Cramer’s Rule Approach  Now we will solve the system of equations

	

1 1 1

22 2

ˆ ˆ

ˆ ˆ
V j L j M I

j M j LV I 	 (1.53)

using the Cramer’s rule approach.
The main determinant of the matrix in Eq. (1.53) is

	

j L j M
j M j L L L M

1

2

2
1 2

2 	 (1.54a)

The remaining two determinants are

	

1
1 2 1 2

2 2

ˆ
ˆ ˆ

ˆ
V j M

j L V j MV
V j L 	 (1.54b)

	

1 1
2 1 2 1

2

ˆ
ˆ ˆ

ˆ
j L V

j L V j MV
j M V 	 (1.54c)

Therefore,

	

2 1 21
1 2 2

1 2

2
1 2

1 2 1 2

ˆ ˆ
ˆ

ˆ ˆ

j L V j MV
I

L L M
j L j M

V V
M L L M L L

	 (1.55a)

	

1 2 12
2 2 2

1 2

1
1 2

1 2 1 2

ˆ ˆ
ˆ

ˆ ˆ

j L V j MV
I

L L M
j M j L

V V
M L L M L L

	 (1.55b)

The solutions (1.52) and (1.56) are, of course, identical.
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1.10.3  s Parameters

To characterize high‐frequency circuits, scattering parameters, or s parameters, are 
used (Ludwig and Bogdanov, 2009). Just like the other sets of parameters (z, y, h, g, to be 
discussed in Chapter  9), the s parameters completely describe the performance of a 
two‐port network.

Unlike the other sets of parameters, s parameters do not make use of open‐circuit or 
short‐circuit measurements, but rather relate the traveling waves that are incident, 
reflected, and transmitted when a two‐port network is inserted into a transmission line. 
(We will discuss travelling waves in Chapter 16 and transmission lines in Chapter 17.)

Figure 1.7 shows a two‐port network (circuit or device) together with the incident, 
reflected, and transmitted waves.

The incident waves (a1, a2) and reflected waves (b1, b2) used to define s parameters for 
a two‐port network are shown in Figure 1.8.

The linear equations describing this two‐port network in terms of the s parameters are

	

b s a s a
b s a s a

1 11 1 12 2

2 21 1 22 2
	 (1.56)

Or in a matrix form,

	

b
b

s s
s s

a
a

1

2

11 12

21 22

1

2
	 (1.57)

where S is the scattering matrix given by

	
S

s s
s s
11 12

21 22
	 (1.58)

We will discuss s parameters in detail in Chapter 17.

Port 1

Incident wave

Reflected wave
Transmitted wave

Circuit

Port 2

Figure 1.7  Two‐port network and the travelling waves.

a1 a2

b1 b2

+
–

ZG
ˆ

VG
ˆ ZL

ˆ
Device

Figure 1.8  Incident and reflected waves at port 1 and port 2.
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2

In this chapter we discuss three coordinate systems frequently encountered in electro-
magnetics: Cartesian, cylindrical, and spherical. In each system we define the relevant 
operations and properties. We conclude by showing the transformations between the 
systems. These transformations are necessary when deriving the radiation from a 
Hertzian dipole, as shown in the EMC applications section at the end of this chapter.

2.1  Cartesian Coordinate System

Cartesian coordinate system is shown in Figure 2.1.
Unit vectors in this system, denoted ax, ay, and az, are usually drawn at the origin (but 

can be drawn at any point in space). They point in the direction of the increasing coor-
dinate variables, and are orthogonal to each other.

A point P can be represented as a triple of numbers

	 P x y z: , , 	 (2.1)

where x, y, and z are called the coordinates of P.
The ranges of the coordinate variables are

	

x

y

z

	

(2.2)

A vector A can be represented as a triple

	 A A A Ax y z, , 	 (2.3)

where Ax, Ay, and Az are called the components of A.
A vector A can be decomposed into a sum of three vectors along the coordinate 

directions, as shown in Figure 2.2.
This decomposition can be expressed as

	 A A A Ax y z 	 (2.4)

This seemingly obvious decomposition is extremely useful when evaluating line and 
surface integrals, as we shall see.

Coordinate Systems
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In terms of its components, we can also write

	 A a a aA A A A A Ax y z x x y y z z,  ,  	 (2.5)

where the unit vectors in terms of their own components are defined as

	 ax 1 0 0, , 	 (2.6a)

	 a y 0 1 0, , 	 (2.6b)

	 az 0 0 1, , 	 (2.6c)

Since the unit vectors are perpendicular, it follows

	 a a a a a ax y y z z x 0	 (2.7a)

	 a a a a a ax x y y z z 1	 (2.7b)

x

y

z

z

P (x, y, z)

x

y

az

ax

ay

Figure 2.1  Cartesian coordinate system.

x

Ax

Az

Ay

A

y

z Figure 2.2  Vector decomposition.
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In many electromagnetics problems, we need to determine the direction of a vector 
resulting from a vector product of two vectors along the coordinate directions. The 
following equations show this result.

	 a a ax y z	 (2.8a)

	 a a ay z x	 (2.8b)

	 a a az x y	 (2.8c)

These cross products can be easily obtained with the help of the cyclic permutations 
(Sadiku, 2010, p.15) shown in Figure 2.3.

If A and B are represented in terms of components, say, A ( )A A Ax y z,  ,   and 
B ( )B B Bx y z,  ,  , their scalar product is given by

	 A B A B A B A Bx x y y z z 	 (2.9)

The vector product can be obtained by evaluating the following “determinant” (using 
the approach discussed in Section 1.5).

	

A B
a a ax y z

x y z

x y z

A A A
B B B

	 (2.10)

Note that

	 A A AA A Ax y z
2 2 2 2	 (2.11)

and thus, the magnitude of a vector is

	 A A A Ax y z
2 2 2 	 (2.12)

Also,

	 A A 0	 (2.13)

2.2  Cylindrical Coordinate System

The cylindrical coordinate system is an extension of a polar system from plane to space. 
The cylindrical coordinate system, shown in Figure 2.4, is very convenient whenever we 
are dealing with problems having cylindrical symmetry (e.g. coaxial cable).

ax

ay

az

Figure 2.3  Cross product using cyclic permutations.



Foundations of Electromagnetic Compatibility26

Unit vectors in this system, denoted aρ, aφ, and az, are usually not drawn at the origin 
but at a convenient point in space. They point in the direction of the increasing coordi-
nate variables, and are orthogonal to each other.

A point P can be represented as a triple of numbers

	 P z: , , 	 (2.14)

where ρ, φ, and z are called the coordinates of P.
The ranges of the coordinate variables are

	

0
0 2

z
	 (2.15)

A vector A can be represented as a triple

	 A A A Az, , 	 (2.16)

where Aρ, Aφ, and Az are called the components of A.
A vector A can be represented as

	 A A A A a a az z zA A A 	 (2.17)

The unit vectors in terms of their own components are defined as

	 a 1 0 0, , 	 (2.18a)

	 a 0 1 0, , 	 (2.18b)

	 az 0 0 1, , 	 (2.18c)

x

y

z

z

φ ρ

ρ

aφ

aρ

az

Figure 2.4  Cylindrical coordinate system.
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It also follows that

	 a a a a a az z 0	 (2.19a)

	 a a a a a az z 1	 (2.19b)

With the help of Figure 2.5 we obtain

	 a a az 	 (2.20a)

	 a a az 	 (2.20b)

	 a a az 	 (2.20c)

If A and B are represented in terms of components, say, A ( )A A Az, ,  and 
B ( )B B Bz, , , their scalar product is given by

	 A B A B A B A Bz z	 (2.21)

The vector product can be obtained by evaluating the following “determinant”:

	

A B
a a az

z

z

A A A
B B B

	 (2.22)

The magnitude of the vector is

	 A A A Az
2 2 2 	 (2.23)

2.3  Spherical Coordinate System

The spherical coordinate system, shown in Figure 2.6, is very convenient whenever we 
are dealing with problems having spherical symmetry (e.g. Hertzian dipole described in 
Section 2.5).

aρ

aϕ

az

Figure 2.5  Cross product using cyclic permutations in cylindrical 
system.
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Unit vectors in this system, denoted ar, aθ, and aφ, are usually not drawn at the origin 
but again at a convenient point in space. They point in the direction of the increasing 
coordinate variables, and are orthogonal to each other.

A point P can be represented as a triple of numbers

	 P r: , , 	 (2.24)

where r, θ, and φ, are called the coordinates of P.
The ranges of the coordinate variables are

	

0
0
0 2

r
	 (2.25)

A vector A can be represented as a triple

	 A A A Ar , , 	 (2.26)

where Ar, Aθ, and Aφ are called the components of A.
A vector A can be represented as

	 A A A A a a ar r rA A A 	 (2.27)

The unit vectors in terms of their own components are defined as

	 ar 1 0 0, , 	 (2.28a)

	 a 0 1 0, , 	 (2.28b)

	 a 0 0 1, , 	 (2.28c)

x

y

z

r

φ

θ

aφ
aθ

ar

Figure 2.6  Spherical coordinate system.
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It also follows that

	 a a a a a ar r r 0	 (2.29a)

	 a a a a a ar r 1	 (2.29b)

With the help of Figure 2.7 we obtain

	 a a ar 	 (2.30a)

	 a a ar 	 (2.30b)

	 a a ar 	 (2.30c)

If A and B are represented in terms of components, say, A ( )A A Ar , ,  and 
B ( )B B Br , , , their scalar product is given by

	 A B A B A B A Br r 	 (2.31)

The vector product can be obtained by evaluating the following “determinant”:

	

A B
a a ar

r

r

A A A
B B B

	 (2.32)

The magnitude of a vector is

	 A A A Ar
2 2 2 	 (2.33)

2.4  Transformations between Coordinate Systems

In this section we discuss transformations between Cartesian and cylindrical systems, 
as well as the transformations between Cartesian and spherical systems.

2.4.1  Transformation between Cartesian and Cylindrical Systems

The relationships between the variables (x, y, z) of the Cartesian coordinate system and 
those of the cylindrical system (ρ, ϕ, z) are easily obtained from Figure 2.8.

aθ

aϕ

arFigure 2.7  Cross product using cyclic permutations in spherical 
system.
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Coordinate Transformations from Cartesian to Cylindrical System

	

x y
y
x

z z

2 2

1tan 	 (2.34)

Coordinate Transformations from Cylindrical to Cartesian System

	

x
y
z z

cos
sin 	 (2.35)

From Figure  2.8 we can geometrically obtain the relationships between the vector 
components in the two coordinate systems.

Vector Components Transformations from Cartesian to Cylindrical System (Sadiku, 2010, p. 36)

	

A
A
A

A
A
Az

x

y

z

cos sin
sin cos

0
0

0 0 1

	 (2.36)

Vector Components Transformations from Cylindrical to Cartesian System

	

A
A
A

A
A
A

x

y

z z

cos sin
sin cos

0
0

0 0 1

	 (2.37)

x

y

y = ρ sin φ 

x = ρ cos φ 

z = r cos θ

ρ = r sin θ

z

r

φ

θ

ρ

P (x, y, z) = P (ρ, φ, z) = P (r, θ, φ)  

Figure 2.8  Relationship between 
Cartesian and cylindrical variables.
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Example 2.1  Coordinate transformations from Cartesian to cylindrical system
Express the point P : , ,1 4 3  in cylindrical coordinates.

Solution:

	

x y

y
x

z z

2 2

1 1

1 16 4 1231

4
1

75 96

3

.

tan tan .

	

Thus,

	 P P: , , : . , . ,1 4 3 4 1231 75 96 3    	
▪

Note: The transformation ( ) ( )A A A A A Az x y z, , , ,  as given by Eq. (2.37) is not 
complete. To complete it we need to express sinϕ and cosϕ in terms of x, y, and z.

From Eq. (2.35) we get

	
cos x x

x y2 2
	 (2.38a)

	
sin y y

x y2 2
	 (2.38b)

And thus the transformation ( ) ( )A A A A A Az x y z, , , ,  can be expressed as

	

A
A
A

x

x y

y

x y
y

x y

x

x y

x

y

z

2 2 2 2

2 2 2 2

0

0

0 0 1

A
A
Az

	 (2.39)

The cylindrical variables appearing in (Aρ, Aφ, Az) need to be expressed in terms of 
Cartesian variables before the matrix operation takes place, as illustrated by the follow-
ing example.

Example 2.2  Component transformation from cylindrical to Cartesian system
Convert the following vector to Cartesian coordinates:

	 C a a az z zsin cos   2 	
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Using Eq. (2.39) we have

	

C
C
C

x

x y

y

x y
y

x y

x

x y

x

y

z

2 2 2 2

2 2 2 2

0

0

0 0 1

C
C
C

x

x y

y

x y
y

x y

x

x y
z

2 2 2 2

2 2 2 2

0

0

0 0 1

z

z

sin
cos
2

Now that the cylindrical variables appearing in (Cρ, Cφ, Cz) need to be expressed in 
terms of the Cartesian variables before the matrix operation takes place.

Using the relationships. (2.34) and (2.38) we obtain

	

C
C
C

x

x y

y

x y
y

x y

x

x y

x

y

z

2 2 2 2

2 2 2 2

0

0

0 0 1

z y

x y

x y x

x y

z x y

2 2

2 2
2 2

2 22

	

and thus

	

C
C
C

xyz
x y

xy

x y
zy

x y
x

x y
z x y

x

y

z

2 2 2 2

2

2 2

2

2 2

2 22

	

2.4.2  Transformation between Cartesian and Spherical Systems

Coordinate Transformations from Cartesian to Spherical System (Sadiku, 2010, p. 36)

	

r x y z

x y
z

y
x

2 2 2

1
2 2

1

tan

tan

	 (2.40)
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Coordinate Transformations from Spherical to Cartesian System

	

x r
y r
z r

sin cos
sin sin
cos

	 (2.41)

Vector Components Transformations from Cartesian to Spherical System

	

A
A
A

r sin cos sin sin cos
cos cos cos sin sin

sin cos 0

A
A
A

x

y

z

	 (2.42)

Vector Components Transformations from Spherical to Cartesian System

	

A
A
A

x

y

z

sin cos cos cos sin
sin sin cos sin cos

ccos sin 0

A
A
A

r

	 (2.43)

2.5  EMC Applications

In this section we will show an important EMC application of the Cartesian‐to‐spherical 
systems transformations: derivations of the electric and magnetic fields radiated by a 
Hertzian (electric) dipole antenna.

2.5.1  Radiation Fields of an Electric Dipole Antenna

The electric or Hertzian dipole is perhaps the most fundamental antenna that facilitates 
the derivation of expressions for electric and magnetic field intensities of many practical 
antennas, like the monopole antenna used in EMC compliance testing shown in 
Figure 2.9.

We model the Hertzian dipole as a very short current element of length l, carrying a 
constant current I0. The current element is positioned symmetrically at the origin of the 
coordinate system and oriented along the z axis, as shown in Figure 2.10.

In Section 6.7.3 we will show that the electric and magnetic field intensities can be 
calculated from the vector magnetic potential A, shown in Figure 2.10. At a distance r 
from the dipole, the vector magnetic potential is given by

	
A ax y z I l

r
jkr

z, , e0

4
	 (2.44a)

where

	 r x y z2 2 2 	 (2.44b)
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The vector magnetic potential in Eq. (2.44a) is expressed in Cartesian coordinate 
system – with the substitution of Eq. (2.44b) into it. To derive electric and magnetic 
field intensities at a distance r from the dipole, it is more convenient to express A in 
spherical coordinate system. This transformation is accomplished through:

	

A
A
A

r sin cos sin sin cos
cos cos cos sin sin

sin cos 0

A
A
A

x

y

z

	 (2.45)

Figure 2.9  Monopole antenna used in EMC 
compliance testing.

x

y

z

r

φ

θ
Î0

l

Er

Eθ

Hφ

A ˆ

ˆ

ˆ

ˆ

Figure 2.10  Hertzian dipole.
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For this problem A Ax y 0, and thus Eq. (2.45) becomes

	

A
A
A

r sin cos sin sin cos
cos cos cos sin sin

sin cos 0

0
0

4
0I l
r

jkre

	 (2.46)

Therefore, in spherical coordinate system, the vector magnetic potential is expressed as

	

A
A
A

I l
r

I l
r

r

jkr

jkr

0

0

4

4
0

e

e

cos

sin 	 (2.47)

We will use this result in Section  6.7.4 to derive the radiation fields of a Hertzian 
dipole, (Paul, 2006, pp. 422–423):

	
H I dl j

r r
j r0

0
2

0 0
2 24

1 1
0sin e 	 (2.48a)

	
E I dl

r r
j

r
r

j r2
4

1 10
2 0 0

2

0
2 2

0
3 3

0cos e 	 (2.48b)

	
E I dl j

r r
j
r

j r0
0 0

2

0 0
2 2

0
3 34

1
0sin e 	 (2.48c)
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3

3.1  Derivatives

3.1.1  Basic Definition and Formulas

Derivatives describe the rate at which things change. The derivative is defined as

	
f x

f x x f x
xx

lim
0

	 (3.1)

(We will use this definition when deriving transmission line equations at the end of this 
chapter.)

Other Notations for Derivatives  Let y be the function of x, that is, y = f (x). We often use 
the shorthand notation y′ or f ′(x) to denote the derivative of y (Simon, 1982, p. 115). 
This notation does not indicate the variable with respect to which the derivative is 
evaluated (y could be a function not only of x but also of other variables). In many 
applications, it is important to identify that variable. We therefore use the alternative 
notation dy

dx
 or df x

dx
 to indicate that derivative of y is computed with respect to the 

variable x.

Derivative Formulas  Computing derivatives using the definition (3.1) can be tedious. 
Fortunately, such computations are usually unnecessary because there are derivative 
formulas that enable us to find the derivatives without computing limits.

Next we will state several useful formulas for derivatives

	
f x const f x 0	 (3.2a)

	
f x x f x 1	 (3.2b)

	
f x x f x axa a 1	 (3.2c)

	
f x f xx xe e 	 (3.2d)

	
f x f x aax axe e 	 (3.2e)

Vector Differential Calculus
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f x x f x

x
xln ,1 0	 (3.2f )

	
f x x f x xsin cos 	 (3.2g)

	 f x ax f x a axsin cos 	 (3.2h)

	
f x x f x xcos sin 	 (3.2i)

	 f x ax f x a axcos sin 	 (3.2j)

Derivative Properties:

	 af af 	 (3.3a)

	 f g f g 	 (3.3b)

	 fg f g fg 	 (3.3c)

	

f
g

f g fg
g 2

	 (3.3d)

Example 3.1  Derivative of a product
Let f x x x( ) 2 43  and g x x a( ) 2 1 . Find the derivative of their product.

Solution A:  Let’s first multiply the functions out and then take the derivative.

	 ( ) ( )( )fg x x x x x x x x x x2 4 1 2 2 4 4 2 2 43 2 5 3 3 5 3
	

Thus

	
d
dx

fg d
dx

x x x x x x x( ) ( ) ( ) ( )2 2 4 2 5 2 3 4 10 6 45 3 4 2 4 2

	

Solution B:  Let’s make use of Eq. (3.3c).

	

f x x f x

g x g x

2 4 6 4

1 2

3 2

2

,

, 	

Thus,

	

fg f g fg x x x x x

x x x x

6 4 1 2 4 2

6 6 4 4 4

2 2 3

4 2 2 4 8 10 6 42 4 2x x x 	
which, of course, agrees with the Solution A.� ▪
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Example 3.2  Derivative of a quotient
Let f x x2 4 and g x x4 1. Find the derivative of their quotient.

Solution:

	

f
g

f g fg
g

x x

x
x x

x2 2

2 4 1 2 4 4

4 1
8 2 8 16

4 1 2 2
18

4 1x 	 ▪

Second‐Order Derivatives
It is often useful to know the derivative of f ′; that is, (  f ′)′. This is called the second 

derivative of f. The notation used is f ″ or d f
dx

2

2
.

Example 3.3  Second derivative
Find the second derivative of y x x x6 4 25 3 2.

Solution:

	

y x x x

y x x

30 12 4

120 24 4

4 2

3
	

3.1.2  Composite Function and Chain Rule

The composite function of f (x) and g(x) is a function f (g(x).
For instance:

	

f x x g x x f g x x

f x x g x x f g x

cos , . cos

sin , .

Then

Then2 sin x g g f x2 2and sin 	

Chain Rule – Derivative of a composite function

	 f g x f g x g x 	 (3.4)

Example 3.4  Chain rule
Use the chain rule to differentiate ( )3 42 2x x

Solution:

	
3 4 2 3 4 6 42 2 2x x x x x

	

3.1.3  Partial Derivative

When we have a function of several variables, say f = f (x, y, z) we can obtain partial 
derivatives. A partial derivative of a function of several variables is its derivative with 
respect to one of those variables, with the other variables treated as constants.
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A partial variable of f(x, y, z) with respect to x is often denoted as f
x

, while that with 

respect to y is denoted by f
y

, and so on.

Example 3.5  Partial derivatives
Let f x y z x y yz, , 3 22 . Determine the partial derivatives of f with respect to x, 
y, and z.

Solution:

	

f
x

xy f
y

x z f
z

y6 3 2 22, ,
	 ▪

3.2  Differential Elements

In the study of electromagnetics we often need to perform line, surface, and volume 
integrations. We will discuss these integrals in Chapter 4. The evaluation of these integrals 
in a particular coordinate system requires the knowledge of differential elements of 
length, surface, and volume. In the following subsections we describe these differential 
elements in each coordinate system.

3.2.1  Differential Length Element

In Section 4.1 we will introduce and learn how to evaluate line integrals of the form

	 c

dF l	 (3.5)

The vector, dl, appearing on the right‐hand side of the scalar product in Eq. (3.5) is 
called the differential length vector, or the differential displacement vector.

Differential Length in Cartesian System  Differential displacement (or length) dl in Cartesian 
coordinate system is a vector defined by

	 d dl dl dl d d dx y z x y zl l l l, ,    	 (3.6)

and is shown in Figure 3.1. The figure shows a decomposition of a differential displace-
ment vector dl into the differential displacement vectors along the coordinate axes.

x

y

z

dlx dlz

dly

dl

Figure 3.1  Differential displacement in the Cartesian system.
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In terms of unit vectors, the differential displacement vectors along the coordinate 
directions can also be expressed as

	 d dl dl dlx x y y zl a a az	 (3.7)

In Cartesian system, the differential amount of displacement, dlx, dly, and dlz, is sim-
ply dx, dy, and dz, respectively, thus we may express the differential displacement vector 
in (3.7) in terms of the coordinate variables as

	
d dx dy dz dx dy dzx yl a a az, , 	 (3.8)

Differential Displacement in Cylindrical System  Differential displacement (or length) dl in 
cylindrical coordinate system is a vector defined by

	
d dl dl dl d d dz zl l l l, , 	 (3.9)

The differential displacement vectors along the coordinate directions are shown in 
Figure 3.2.

In terms of unit vectors, the differential displacement vectors along the coordinate 
directions can also be expressed as

	 d dl dl dlzl a a az	 (3.10)

When the angle φ increases by the amount of dφ the differential displacement dlφ 
increases by ρdφ as shown in Figure 3.3.

Thus,

	 dl d 	 (3.11)

Therefore, in terms of the coordinate variables, we may express the differential dis-
placement vector in (3.10) as

	
d d d dz d d dz zl a a a, , 	 (3.12)

x

y

z

z

dlz

dlφ

dlρ

φ ρ

ρ

Figure 3.2  Differential displacement in cylindrical system.
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Differential Displacement in  Spherical System  Differential displacement (or length) dl in 
spherical coordinate system is a vector defined by

	 d dl dl dl d d dr rl l l l, , 	 (3.13)

The differential displacement vectors along the coordinate directions are shown in 
Figure 3.4.

In terms of unit vectors, the differential displacement vectors along the coordinate 
directions can also be expressed as

	 d dl dl dlr rl a a a 	 (3.14)

In spherical coordinate system, both θ and φ are the angular coordinates, thus,

	 dl rd 	 (3.15a)

	 dl d r dsin 	 (3.15b)

In terms of the coordinate variables, the differential displacement vector in (3.13) can 
be expressed as

	 d dr rd r d dr rd r drl a a a, , sin sin 	 (3.16)

φ
dφ

ρdφ
ρ

Figure 3.3  Differential displacement in φ direction.

x

y

z

r

φ

θ

dlφ
dlθ

dlr

Figure 3.4  Differential displacement in spherical system.
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3.2.2  Differential Surface Element

Differential surface element dS (or differential surface area) is a vector that we will 
encounter when evaluating surface integrals of the form

	 S

dF S	 (3.17)

Consider a surface S, and a differential amount of it, dS, as shown in Figure 3.5.
With this differential surface dS, we may associated a differential surface vector dS 

whose magnitude is equal to dS, and whose direction is perpendicular to the differential 
surface dS (Sadiku, 2010, p. 59)

	 d dS nS a 	 (3.18)

where an is a unit vector normal to the surface.
(There are, of course, two normal vectors to any such surface, so which one do we 

choose? In all instances when we will use such vectors, it will be clear from the problem 
description which perpendicular vector is of interest to us.)

In the next section we will decompose the differential surface vector into three 
component vectors along the coordinate directions in each of the three coordinate 
systems.

Differential Area in Cartesian System  In Cartesian coordinate system, the differential area 
may, in general, be expressed as

	 d d d d dS dS dSx y z x x y y z zS S S S a a a 	 (3.19)

This decomposition is shown in Figure 3.6.
The differential area vector dSx is perpendicular to the differential surface area dSx 

which lies in the yz plane. This differential surface area is equal to the product of two 
differential displacements in the yz plane: dlx and dlz. Thus, we may write,

	 dS dl dl dydzx y z 	 (3.20a)

Similarly,

	 dS dl dl dxdzy x z 	 (3.20b)

	 dS dl dl dxdyz x y 	 (3.20c)

Surface S

dS

dS

Figure 3.5  Differential surface vector.
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Therefore, we may alternatively, express the differential surface area as

	

d dydz dxdz dxdy
dydz dxdz dxdyx y z

S
a a a
, ,    	 (3.21)

Differential Area in  Cylindrical System  In cylindrical coordinate system, the differential 
area may be expressed as

	 d d d d dS dS dSz z zS S S S a a a 	 (3.22)

where

	 dS dl dl d dzz 	 (3.23a)

	 dS dl dl d dzz 	 (3.23b)

	 dS dl dl d d d dz 	 (3.23c)

Therefore, in cylindrical system, we may alternatively, express the differential surface 
area as

	

d d dz d dz d d
d dz d dz d d z

S
a a a
, ,

	 (3.24)

Differential Area in Spherical System  In spherical coordinate system, the differential area 
may be expressed as

	 d d d d dS dS dSr r rS S S S a a a 	 (3.25)

where

	
dS dl dl rd r d r d dr sin sin2 	 (3.26a)

	
dS dl dl dr r d r drdr sin sin 	 (3.26b)

	 dS dl dl dr rd rdrdr 	 (3.26c)

Therefore, in spherical system, we may alternatively, express the differential surface 
area as

x

y

z

dSy = dSyay 

dSz = dSzaz 

dSx = dSxax 

Figure 3.6  Differential surface 
vector decomposition.
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d r d d r drd rdrd

r d d r drd r

S

a a

2

2

sin , sin ,

sin sin ddrd a
	 (3.27)

3.2.3  Differential Volume Element

We will encounter differential volume element, dv, in the volume integrals of the form

	 v

Fdv	 (3.28)

The differential volume element, dv, is defined as a scalar equal to the product of 
three differential displacements in each coordinate system.

Differential Volume in  Cartesian System  Differential volume dv, in Cartesian system is 
defined as the scalar

	 dv dl dl dlx y z	 (3.29a)

or in terms of the coordinate variables:

	 dv dxdydz 	 (3.29b)

Differential Volume in Cylindrical System  Differential volume dv, in cylindrical system is 
defined as the scalar

	 dv dl dl dlz 	 (3.30a)

Or in terms of the coordinate variables:

	 dv d d dz d d dz	 (3.30b)

Differential Volume in  Spherical System  Differential volume dv, in spherical system is 
defined as the scalar

	 dv dl dl dlr 	 (3.31a)

or in terms of the coordinate variables:

	

dv dr rd r d

r drd d

sin

sin2
	 (3.31b)

3.3  Constant‐Coordinate Surfaces

In this section we discuss a special class of surfaces, called constant‐coordinate surfaces. 
These surfaces in Cartesian, cylindrical, or spherical coordinate systems are easily gener-
ated by keeping one of the coordinate variables constant and allowing the other two to vary.

These surfaces are extremely useful when evaluating line and surface integrals, as we 
will see in Chapter 4.
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3.3.1  Cartesian Coordinate System

In the Cartesian system, we have three families of constant‐coordinate surfaces (planes) 
defined by

	

x const y z
y const x z
z const x y

,
,
,

	 (3.32)

These surfaces are shown in Figure 3.7.
The intersection of any two such planes is a line parallel to one of the coordinate axes. 

For instance, x = const and y = const is the line parallel to the z axis. These lines are 
constant‐coordinates lines.

3.3.2  Cylindrical Coordinate System

Orthogonal surfaces in cylindrical coordinates are described by:

	

const z
const z

z const

, ,
, ,
, ,

0 2
0
0 0 2

	 (3.33)

and are shown in Figure 3.8.

x

x = const

y = const

z = const

y

y

y

y

x

x

y

y

Figure 3.7  Constant‐coordinate surfaces in a Cartesian system.
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Note that ρ = const is a circular cylinder; φ = const is a semi‐infinite plane with 
its edge along the z axis; z = const is the same infinite plane as in a Cartesian 
system.

The intersection of any two surfaces is a curve – either a line or a circle: ρ = const 
and z = const is a circle of radius ρ; z = const and φ = const is a semi‐infinite 
line originating at the z axis and passing through P; ρ = const and φ = const is an infinite 
line parallel to the z axis and passing through P. These curves are constant‐coordinates 
curves.

3.3.3  Spherical Coordinate System

Orthogonal surfaces in spherical coordinates are described by:

	

r const
const r
const r

, ,
, ,
, ,

0 0 2
0 0 2
0 0

	 (3.34)

and are shown in Figure 3.9.
Note that r = const is a sphere with its center at the origin; θ = const is a circular cone 

with the z axis as its axis and the origin as its vertex; φ = const is the semi‐infinite plane 
as in a cylindrical system.

A curve is formed by the intersection of any two surfaces; for example: r = const and 
φ = const is a semi‐circle. These curves are constant‐coordinates curves.

x

ρ = const

ϕ = const

z = const

y

y

y

y

x

x

y

y

Figure 3.8  Constant‐coordinate surfaces in a cylindrical system.
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3.3.4  Differential Elements on Constant Coordinate Surfaces

Recall: Constant‐coordinate surfaces in Cartesian, cylindrical, or spherical coordinate 
systems were obtained by keeping one of the coordinate variables constant and allowing 
the other two to vary.

The consequence of keeping one of the coordinate variables constant is the fact that 
the differential displacement along that variable direction is zero. Let’s look at the resulting 
differential surface and displacement vectors in all three coordinate systems.

Cartesian Coordinate System  In Cartesian, the differential surface vector is given by

	 d dydz dxdz dxdyS , ,    	 (3.35)

On the constant coordinate surfaces we have:

	 x const dx d dydz0 0 0S , ,    	 (3.36a)

	 y const dy d dxdz0 0 0S , ,    	 (3.36b)

	 z const dz d dxdy0 0 0S , ,    	 (3.36c)

x

θ = const

r = const

ϕ = const

y

y

y

y

x

x

y

yy

Figure 3.9  Constant‐coordinate surfaces in a spherical system.
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Recall: the differential displacement vector, in general, is given by

	 d dx dy dzl , ,      	 (3.37)

Since the intersection of two constant‐coordinate surfaces produces a constant 
coordinate line (parallel to the coordinate axes), it follows that on a constant‐coordinate 
line two‐out‐of‐three components of dl in (3.37) are zero. That is,

	 d dx or d dy or d dzl l l, , , , , ,            0 0 0 0 0 0 	 (3.38)

Cylindrical Coordinate System  In cylindrical coordinate system, the differential surface 
vector is given by

	 d d dz d dz d dzS , ,    	 (3.39)

On the constant coordinate surfaces we have:

	 const d d d dz0 0 0S , ,    	 (3.40a)

	 const d d d dz0 0 0S , ,    	 (3.40b)

	 z const dz d d dz0 0 0S , ,    	 (3.40c)

Also, the differential displacement vector is, in general, given by

	 d d d dzl , ,    	 (3.41)

Since the intersection of two constant‐coordinate surfaces produces a constant coordinate 
curve, it follows that on a constant‐coordinate curve two‐out‐of‐three components of 
dl in (3.41) are zero. That is,

	 d d or d d or d dzl l l, , , , , ,            0 0 0 0 0 0 	 (3.42)

Spherical Coordinate System  In spherical coordinate system, the differential surface 
vector is given by

	 d r d d r drd rdrdS 2 sin , sin ,    	 (3.43)

On the constant coordinate surfaces we have:

	 r const dr d r d d0 0 02S sin , ,    	 (3.44a)

	 const d d r dr0 0 0S , sin ,    	 (3.44b)

	 const d d rdrd0 0 0S , ,    	 (3.44c)

Also, the differential displacement vector is, in general, given by

	 d dr rd r dl , , sin    	 (3.45)

Since the intersection of two constant‐coordinate surfaces produces a constant coordi-
nate curve, it follows that on a constant‐coordinate curve two‐out‐of‐three components 
of dl in (3.44) are zero. That is,

	 d dr or d rd or d r dl l l, , , ,            0 0 0 0 0 0, , sin 	 (3.46)
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3.4  Differential Operators

In this section we will introduce several differential operators: gradient, divergence, 
curl, and Laplacian. These operators appear in Maxwell’s equations and in the wave 
equation which we will study later in this text.

3.4.1  Gradient

Given a scalar function we can create a vector function. The operation involved is that 
of taking the “gradient”. We will next define the gradient operation in Cartesian system, 
and subsequently in the cylindrical and spherical systems.

Gradient in Cartesian Coordinates  The gradient of given scalar function f(x, y, z), grad f, is 
the vector function defined by (Kreyszig, 1999, p. 446)

	
grad f f

x
f
y

f
zx y za a a 	 (3.47)

If we introduce the differential operator

	 x y zx y za a a 	 (3.48)

we may write

	
grad f f f

x
f
y

f
zx y za a a 	 (3.49)

Gradient in  Cylindrical Coordinates  The gradient of a given scalar function f (ρ, φ, z), 
grad f, is the vector function defined by (Sadiku, 2010, p. 70)

	
f f f f

z za a a1 	 (3.50)

Gradient in Spherical Coordinates  The gradient of given scalar function f (r, θ, φ), grad f, 
is the vector function defined by

	
f f

r r
f

r
f

ra a a1 1
sin

	 (3.51)

Example 3.6  Gradient of a scalar function
Determine the gradient of the following scalar fields:

a)	 	f x y xyz2 3 	

b)	 	f z z2 2 2 2sin cos 	

c)	 	f r2 cos sin 	
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Solution:

a)	 	 f f
x

f
y

f
z

f x y xyz

f xy yz x xz

x y z

x

a a a

a a

, 2

2

3

2 3 3 yy zxy3 a

	

b)	 	 f f f f
z

f z z

f z

za a a1 2

2 2

2 2 2, sin cos

sin a a a1 2 2 2 22 2z z z zcos cos sin sin cos

	

c)	 	 f f
r r

f
r

f f r

f r

ra a a1 1

2

2

sin
, cos sin

cos sin a a ar r
r

r r
1 12 2sin sin

sin cos cos

�

▪

3.4.2  Divergence

Given a vector function we can create a scalar function. The operation involved is that 
of taking the “divergence”. We will next define the divergence operation in Cartesian 
system, and subsequently in the cylindrical and spherical systems.

Divergence in  Cartesian Coordinates  The divergence of given vector function 
E x y z E E Ex y z, , , ,        , div E, is the scalar function defined by (Kreyszig, 1999, 
p. 453)

	
div E

x
E
y

E
z

x y zE 	 (3.52)

Another common notation for divergence is E

	

div
x y z

E E E

E
x

E

x y z x x y y z z

x

E E a a a a a a

yy z

y
E
z

	 (3.53)

Note that the divergence operation on a vector produces a scalar, while the gradient 
operation on a scalar produces a vector.

Divergence in  Cylindrical Coordinates  The divergence of given vector function 
E , , , ,       z E E Ez  is the scalar function defined by (Sadiku, 2010, p. 75)

	
E 1 1E

E E
z
z 	 (3.54)
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Divergence in  Spherical Coordinates  The divergence of a given vector function 
E r E E Er, , , ,         is the scalar function defined by

	
E 1 1 1

2
2

r r
r E

r
E

r
E

r sin
sin

sin
	 (3.55)

Example 3.7  Divergence of a vector function
Determine the divergence of the following vector fields:

a)	 	E a a ae z xy xzxy
x y z

2 2sin cos 	

b)	 	E a a2 2 2z z zcos sin 	

c)	 	E a a a2 3 2 2r
r

rrcos sin sin 	

Solution:

a)	 	 E E
x

E
y

E
z

ye zx xy x xz xzx y z xy2 22 cos cos sin 	

b)	 	 E 1 1 1 3 1 0

1

2 2E
E E

z
zz cos sin

3 1 6 62 2 2 2 2 2 2z z zcos sin cos sin cos sin

	

c)	 	 E 1 1 1

1 2

2
2

2
3

r r
r E

r
E

r
E

r r
r

r sin
sin

sin

coss
sin

sin sin
sin

sin

c

1 3 1 2

1 6

2

2
2

r r r

r

r
r oos

sin
sin cos cos cos1 3 2 0 6 6

2r r r

�

▪

3.4.3  Curl

Given a vector function H(x, y, z) we can create another vector function. The operation 
involved is that of taking the “curl”. We will next define the curl operation in Cartesian 
system, and subsequently in the cylindrical and spherical systems.

Curl in Cartesian Coordinates  The curl of given vector function H x y z H H Hx y z, , , ,        , 
curl H, is the vector function defined by (Kreyszig, 1999, p. 457)

	

H

a a a

a

x y z

x y z

z y
x

x z

x y z
H H H

H
y

H
z

H
z

H
x

a ay
y x

z
H
x

H
y

	 (3.56)
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Curl in Cylindrical Coordinates  The curl of given vector function H , , , ,        z H H Hz  
is the vector function defined by (Sadiku, 2010, p. 80)

	

H

a a a

a

z

z

z

z
H H H

H H
z

H
z

H1 zz
zH

H
a a1

	 (3.57)

Curl in Spherical Coordinates  The curl of given vector function H r H H Hr, , , ,         
is the vector function defined by

	

H

a a a
1

1

2r

r r

r
H r H r H

r
H

r

r

sin

sin

sin

sin
sinn

sin
H

r
H

r
rH

r r
rH

r
ra a1 1

1 Hr a

	 (3.58)

There are two important properties of the gradient, divergence, and curl operations 
that we will use later in this text:

	 f 0	 (3.59)

	 H 0	 (3.60)

Example 3.8  Curl of a vector function
Determine the curl of the following vector fields:

a)	 	H a a ae xy xzxy
x y zsin cos2 	

b)	 	H a az z z
2 2cos sin 	

c)	 	H a a ar
r

rrcos sin sin1 2 2 	

Solution:

a)	 	 H

a a a a a ax y z

x y z

x y z

xy
x y z

H H H
x y z

e xy xzsin cos2

yy
xz

x
xy

z
e

x
xz

z
x

x z
xy

y

y

cos sin

cos sin

2

2

a a a

a yy
y

e

y xy z xz xz xe z xz

x
xy

z

z y
xy

z

a a

a a acos cos sin cos si2 2 nn cosxz y xy xey
xy

za a
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b)	 	 H

a a a

a a

1

1 1 1

z

z

z
z

z
H H H

H H H
z

H H

z
H

z z

z
z

a

a a a

a

1 1 1

2 2sin cos aa az z
2 sin

	

c)	 	 H

a a a

a a

1

1

2

2

r

r r

r
H r H r H

r

r r

r

r

r

sin

sin

sin

sin

ssin

cos sin sin

sin
sin

a

a

r

r r

r
r

r

2

1 2

3 2

2

3 2 sin sin cos

sin
sin

r
r r r

r
r

a a

1 2
2

3 2

r
r r r

r
r

ra a asin cos sin

sin
sin1 42

3 ccos sin sin

cos sin sin

a a a

a a a

r

r

r r

r r

6

4 6

3 2 2 2

�

3.4.4  Laplacian

The remaining differential operator is the Laplacian. When the Laplacian operation is 
performed on a scalar function, the result is another scalar function; when it is per-
formed on a vector function, the result is another vector function. We will next define 
the Laplacian of a scalar function in Cartesian system, and subsequently in the cylindri-
cal and spherical systems.

Laplacian in Cartesian Coordinates  Recall: The gradient of given scalar function f(x, y, z), 
is the vector function defined by (Sadiku, 2010, p. 88)

	
f f

x
f
y

f
zx y za a a 	 (3.61)



Vector Differential Calculus 55

If we take the divergence of the resulting vector, we obtain a scalar function

	
f f

x
f

y
f

z

2

2

2

2

2

2
	 (3.62)

The resulting expression is called the Laplacian of f and is denoted by 2 f . Thus,

	
2

2

2

2

2

2

2f f
x

f
y

f
z

	 (3.63)

Laplacian in cylindrical coordinates  The Laplacian of given scalar function f(ρ, φ, z), is 
the scalar function defined by

	
2

2

2

2

2

2
1 1f f f f

z
	 (3.64)

Laplacian in spherical coordinates  The Laplacian of given scalar function f(r, θ, φ), is the 
scalar function defined by

	
2

2
2

2 2 2

21 1 1f
r r

r f
r r

f
rsin

sin
sin

ff
2

	 (3.65)

When computing the electric and magnetic radiation fields of antennas, we will 
encounter the Laplacian of a vector function 2V . Instead of computing this Laplacian 
from the definition (which is quite involved), we will make use of the following identity:

	
2V VV 	 (3.66)

3.5  EMC Applications

3.5.1  Transmission‐Line Equations

We will show the application of the concept of a derivative through the derivation of 
transmission line equations. (Transmission lines will be discussed in detail in Part III of 
this book.)

Figure 3.10 shows the per‐unit‐length equivalent circuit model of a transmission line; 
l and c represent the per‐unit‐length inductance and capacitance associated with the 
length Δz of the line (Paul, 2006, p. 182).

Writing Kirchhoff ’s voltage law around the outside loop (we will review the basic 
circuit laws in Part II of this book) gives

	
V z z t V z t l z

I z t
t

,  
 

,
, 	 (3.67)

Dividing both sides by Δz and taking the limit as z 0 gives

	
lim

,
z

V z z t V z t
z

l
I z t

t0

, ,  	 (3.68)
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We recognize that the expression on the left‐hand side of Eq. (3.68) is the partial 
derivative of the line voltage with respect to the variable z. Thus,

	
V z t

z
l

I z t
t

, ,  	 (3.69)

This is the first transmission line equation. Similarly, writing Kirchhoff ’s current law 
at the upper node of the capacitor gives

	
I z z t I z t c z

V z z t
t

,
,

  
 

, 	 (3.70)

Dividing both sides by Δz and taking the limit as z 0 gives

	
lim

, ,
z

I z z t I z t
z

c
V z z t

t0

   , 	 (3.71)

Again, we recognize that the expression on the left‐hand side of Eq. (3.71) is the par-
tial derivative of the line current with respect to the variable z. Thus,

	
I z t

z
c

V z t
t

, ,  	 (3.72)

This is the second transmission line equation. Equations (3.68) and (3.71) are called 
the transmission‐line equations.

3.5.2  Maxwell’s Equations in a Differential Form

The differential operators presented in this chapter appear throughout the study of 
electromagnetics and EMC. Perhaps the most important application of these operators 
is in Maxwell’s equations.

Maxwell’s equations can be expressed in several forms. Here, we present the differential 
time‐domain version of these equations in a simple medium (Paul, 2006, pp. 899, 901).

	
E H

t
	 (3.73a)

I(z, t)
I(z+∆z, t)

z+∆z

V(z+∆z, t)

+

–

+

–

V(z, t)

I∆z

c∆z

z

Figure 3.10  Equivalent circuit model 
of a transmission line.
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H E E J

t S	 (3.73b)

	
  E V 	 (3.73c)

	   H 0
	 (3.73d)

In Eqs (3.73) E denotes electric field intensity, while H denotes magnetic field inten-
sity. J stands for volume current density, while ρv denotes volume charge density. We 
will derive and discuss these equations in Part III of this text.

3.5.3  Electromagnetic Wave Equation

The concept of a vector magnetic potential is useful in the derivation of the electric and 
magnetic fields radiated by an antenna. In such derivations (to be presented in 
Section 6.7.4), the following wave equation needs to be solved (Balanis, 2005, p. 139).

	 2 2 0A k Az z 	 (3.74)

where Az is the z component of a vector magnetic potential and k is a constant.
A A rz z  in spherical coordinate system (Az is not a function of θ or φ). Thus, the 

Laplacian in spherical coordinate system:

	
2

2
2

2 2 2

21 1 1f
r r

r f
r r

f
rsin

sin
sin

ff
2

	 (3.75)

Applied to Eq. (3.74) this reduces to

	
2 2

2
2 21 0A k A

r r
r A r

r
k A rz z

z
z

	 (3.76)

which, when expanded, gives

	

1
2 02

2
2

2
2

r
r

A r
r

r
A r
r

k A rz z
z

	 (3.77)

which reduces to

	
d A r

dr r
dA r

dr
k A rz z

z

2

2
22 0	 (3.78)

In Chapter 6 we will discuss the solution of this differential equation.
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4

4.1  Line Integrals

In this section we will define and learn how to evaluate the line integrals of the form

c

dF l	 (4.1)

Before discussing the line integrals, however, let’s review the concept of indefinite and 
definite integrals.

4.1.1  Indefinite and Definite Integrals

We will first introduce the indefinite integral and then use it to present the definite 
integral.

Indefinite integral  The indefinite integral can be easily defined using the concept of a 
derivative as follows.

Consider a function f(x). If its integral exists, denoted,

g x f x dx	 (4.2)

then

g x f x 	 (4.3)

Several useful integral formulas are presented next:

f x f x dx dx x

x

1

1
	

(4.4a)

f x x f x dx x dx
a

x

a
x a

a
x

a a a

a a

1
1

1
1

1
1

1

1 1 1 xxa

	
(4.4b)

Vector Integral Calculus
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f x e f x dx e dx e

e e

x x x

x x
	

(4.4c)

f x e f x dx e dx
a

e

a
e

a
a e e

ax ax ex

ex ax ax

1

1 1
	

(4.4d)

f x
x

f x dx
x

dx x x

x
x

1 1 0

1

ln ,

ln
	

(4.4e)

f x x f x dx x dx x

x x x

sin sin cos

cos sin sin
	

(4.4f )

f x ax f x dx ax dx
a

ax

a
ax

a

sin sin cos

cos

1

1 1 sin sinax a ax
	

(4.4g)

f x x f x dx x dx x

x x

cos cos sin

sin cos
	

(4.4i)

f x ax f x dx ax dx
a

ax

a
ax

a

cos cos sin

sin c

1

1 1 oos cosax a ax
	

(4.4j)

Definite Integral  If the indefinite integral is given by

f x dx g x 	 (4.5)

then the definite integral is defined by

a

b

x a

x bf x dx g x g b g a 	 (4.6)

Integral Properties

a

b

a

b

cf x dx c f x dx	 (4.7a)

a

b

a

b

a

b

f g x dx f x dx g x dx	 (4.7b)
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a

b

a

c

c

b

f x dx f x dx f x dx a c b, 	 (4.7c)

b

a

a

b

f x dx f x dx	 (4.7d)

4.1.2  Line Integral

The concept of a line integral is a simple generalization of the concept of a definite 
integral

a

b

f x dx	 (4.8)

In Eq. (4.8) we integrate f(x) from x = a along the x axis to x = b. In a line integral we 
integrate a given function, called the integrand, along a curve C in space, or in the plane 
(Kreyszig, 1999, p. 464).

Consider a curve C in space extending from point a to point b, as shown in Figure 4.1.
The line integral of a vector F over the curve C is defined as

C

dF l	 (4.9)

When the curve is a closed curve (points a and b coincide) then the line integral over 
the curve C is defined as (Sadiku, 2010, p. 64)

F ld
C


	 (4.10)

The evaluation of the line integral in Eqs (4.9) or (4.10) is, in general, quite difficult. 
However, as we will show next, if the curve is a constant‐coordinate curve, this line 
integral reduces to the definite integral discussed earlier.

Cartesian Coordinate System  In the Cartesian coordinate system, if the vector F and the 
differential displacement dl have the components

F lF F F d dx dy dzx y z, , , ,, 	 (4.11)

then the line integral in Eq. (4.9) becomes

C C
x y zd F dx F dy F dzF l 	 (4.12)

a

b

C dl

F

Figure 4.1  Illustration of the line integral.
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And if the line is a constant coordinate line, then this integral reduces to one of the 
three definite integrals:

C x

x

xd F dxF l
1

2

	 (4.13a)

C y

y

yd F dyF l
1

2

	 (4.13b)

C z

z

zd F dzF l
1

2

	 (4.13c)

Cylindrical Coordinate System  In the cylindrical coordinate system, if the vector F and 
the differential displacement dl have the components

F lF F F d d d dzz, , , ,, 	 (4.14)

then the line integral in Eq. (4.9) becomes

C C
zd F d F d F dzF l 	 (4.15)

And if the curve is a constant coordinate curve, then this integral reduces to one of 
the three definite integrals:

C

d F dF l
1

2

	 (4.16a)

C

d F dF l
1

2

	 (4.16b)

C z

z

zd F dzF l
1

2

	 (4.16c)

Spherical Coordinate System  In the spherical coordinate system, if the vector F and the 
differential displacement dl have the components

F lF F F d dr rd r dr , , , , , sin 	 (4.17)

then the line integral in Eq. (4.9) becomes

C C
rd F dr F rd F r dF l sin 	 (4.18)
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And if the curve is a constant coordinate curve, then this integral reduces to one of 
the three definite integrals:

C r

r

rd F drF l
1

2

	 (4.19a)

C

d F rdF l
1

2

	 (4.19b)

C

d F r dF l
1

2

sin 	 (4.19c)

4.1.3  Properties of Line Integrals

From familiar properties of integrals in calculus we obtain formulas for line integrals

C C

k d k d k constF l F l 	 (4.20)

C C C

d d dF G l F l G l	 (4.21)

C C C

d d dF l F l F l
1 2

	 (4.22)

where in Eq. (4.22) the path C is subdivided into two curves C1 and C2 that have the 
same orientation as C, as shown in Figure 4.2.

Line Integral Independence of Path  Consider the line integral given by

C C
x y zd F dx F dy F dzF l 	 (4.23)

In Eq. (4.23) we integrate from a point a to a point b over a path C.
The value of this integral generally depends not only on a and b, but also on the path 

along which we integrate. This raises the question of conditions for independence of the 
path, so that we get the same value in integrating from a to b along any path C.

A very practical criterion for path independence is the following:
A line integral in Eq. (4.23) is independent of path if the vector F is a gradient of some 

scalar function f.

a

b

C1

C2

Figure 4.2  Illustration of Eq. (4.22).
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Note that we don’t need to know what that scalar function f is; we just need to know 
that F is the gradient of it. So, how is this useful in electromagnetics?

It is very useful, because in Part II of this book we will be evaluating the following 
integral

C

dE l	 (4.24)

where E is the electric field intensity. Since

E V 	 (4.25)

we will be free to choose any path of integration in Eq. (4.24).

Integration along Closed Curves  When discussing electrostatic fields we will make use of 
the following property of line integrals:

The line integral

C C
x y zd E dx E dy E dzE l 	 (4.26)

is independent of path if its value around every closed path is zero.
On the other hand, if we know that the line integral is independent of path, then

E 0 	 (4.27)

Example 4.1  Evaluation of a line integral
Let F be given by

A a a4 3sin cos 	

and the curve C, in the xy plane, be defined and oriented as shown in Figure 4.3. Evaluate 
the line integral F ld

C

y

x

6

3

π π

3

3 6

6

C1

C2C3

C4

Figure 4.3  Line integral example.
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Solution:  To evaluate this integral we make use of Eq. (4.22)

A l A l A l A l A ld d d d d
C C C C C


1 2 2 2 	

Along C1 have

C const z const
d d d dz d

C

1 3 6 6 0
0 0

1

: , ,
l , , , , 

A ld d d
C1

4 3 0 0 0 4
3

6

6

sin , cos , sin, , 

44
6

4 1
2 2

2 36
2

9
2

2
3

6 2

3

6

sin d 55
	

Along C2:

C z const
d d d dz d

2 6 6 3
0 0

: , ,
l , , , , 	

Along C3:

C const z const
d d d dz d

C

3 6 3 3 0
0 0

3

: , ,
l , , , , 

A ld d d
C3

4 3 0 0 0 4
6

3

3

sin , cos , sin, , 

44
3

4 3
2 2

2 3 9
2

36
26

3 2

6

3

sin d 25 3
	

Along C4:

C z const
d d d dz d

d
C

4 3 3 6
0 0

4

: , ,
l

A l

, , , , 

CC

d d
4

4 3 0 0 0 3

3 3

3
3

6

sin , cos , cos, , 

3

6

3
69 9 1

2
3

2
4 5 1 3cos sin ./
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Therefore

A l A l A l A l A ld d d d d
C C C C C


1 2 2 2

25 9 3 1 25 3 4 5 1. 3 20 5 1 3.
	 ▪

4.2  Surface Integrals

The concept of a surface integral is a simple generalization of the concept of a double 
integral, which we will define next.

4.2.1  Double Integrals

In a definite integral f x dx
a

b
, we integrate a function f (x) over an interval of the x axis. In 

a double integral, we integrate a function f(x, y) over a region R in the xy plane (Kreyszig, 
1999, p. 480).

f x y dxdy
R

, 	 (4.27)

Double integrals have properties similar to those of definite integrals.

kf x y dxdy k f x y dxdy
R R

, , 	 (4.28a)

f g dxdy fdxdy gdxdy
R R R

	 (4.28b)

f x y dxdy f x y dxdy f x y dxdy
R R R

, , , 
1 2

	 (4.28c)

where the region R in Eq. (2.28c) is subdivided into two regions R1 and R2, as shown in 
Figure 4.4.

In many electromagnetics problems the region R is a rectangular region described by 
a ≤ x ≤ b and c ≤ y ≤ d, and the double integral over a region R in Eq. (4.27) may be evalu-
ated by two successive integrations:

f x y dxdy f x y dy dx
R a

b

c

d

, , 	 (4.29)

f x y dxdy f x y dx dy
R c

d

a

b

, , 	 (4.30)

R1

R2

Figure 4.4  Subdivision of the region R in Eq. (4.28c).
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In Eq. (4.29) we first integrate the inner integral with respect to y, treating x as a 
constant. Then, we integrate this result with respect to x.

In Eq. (4.30) we first integrate the inner integral with respect to x, treating y as a 
constant. Then, we integrate this result with respect to y.

Both (4.29) and (4.30) produce the same result, as illustrated by the following example.

Example 4.2  Evaluation of a double integral
Evaluate

x y

xy y dydx
0

2

1

3
22 3

	
and then reverse the order of integration and reevaluate.

Solution:

x y x y x

xy y dydx xy y dy dx
0

2

1

3
2

0

2

1

3
22 3 2 3

00

2 2 3

1

3

0

2
2 3

1

3

2
2

3
3

x y y dx

xy y

y

y

x
y

y
dx x x dx x dx

x x

x x0

2

0

2

2

9 27 1 8 26

8
2

26
xx

x

0

2

16 52 68

Now, let’s reverse the limits of integration.

y x y x y

xy y dxdy xy y dx dy
1

3

0

2
2

1

3

0

2
22 3 2 3

11

3 2
2

0

2

1

3
2 2

0

2

2
2

3

3

x y y x dy

x y y x

x

x

y
x

x
dy y y dy y y

y y

y y

y

y

1

3
2

2 3

1

3

2 3

4 6 4
2

6
3

2 2
1

3
18 54 2 2 68

y

	 ▪

Useful Application of Double Integrals  The area A of a region R in the xy plane is given by 
a double integral

A dxdy
R

	 (4.31)

4.2.2  Surface Integrals

For a given vector function F, the surface integral is defined by

F Sd
S

	 (4.32)

This integral, in many applications, is called the flux of F through S. When the surface 
is a closed surface, we denote the integral in (4.32) by

F Sd
S


	 (4.33)
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The evaluation of the surface integral in Eqs (4.33) or (4.34) is, in general, quite 
difficult. However, as we will show next, if the surface is a constant‐coordinate sur-
face, this surface integral reduces to the double integral discussed in the previous 
section.

Cartesian Coordinate System  In Cartesian coordinate system, if the vector F and the 
differential surface vector dS have the components

F SF F F d dydz dxdz dxdyx y z, , , ,, 	 (4.34)

then the surface integral in Eq. (4.33) becomes

F Sd F dydz F dxdz F dxdy
S

x y z
S

	 (4.35)

And if the surface is a constant coordinate surface, then this integral reduces to one of 
the three double integrals:

F Sd F dydz
S z

z

y

y

x

1

2

1

2

	 (4.36a)

F Sd F dxdz
S z

z

x

x

x

1

2

1

2

	 (4.36b)

F Sd F dxdy
S y

y

x

x

z

1

2

1

2

	 (4.36c)

Cylindrical Coordinate System  In cylindrical coordinate system, if the vector F and the 
differential surface vector dS have the components

F SF F F d d dz d dz d dz, , , , , 	 (4.37)

then the surface integral in Eq. (4.33) becomes

F Sd F d dz F d dz F d d
S

z
S

	 (4.38)

And if the surface is a constant coordinate surface, then this integral reduces to one of 
the three double integrals:

F Sd F d dz
S z

z

1

2

1

2

	 (4.39a)

F Sd F d dz
S z

z

1

2

1

2

	 (4.39b)

F Sd F d d
S

z

1

2

1

2

	 (4.39c)
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Spherical Coordinate System  In spherical coordinate system, if the vector F and the 
differential surface vector dS have the components

F

S

F F F

d r d d r dr d r dr d

r , ,
2 sin , sin ,

	
(4.40)

then the surface integral in Eq. (4.33) becomes

F Sd F r d d F r dr d F rdr d
S

r
S

2 sin sin 	 (4.41)

And if the surface is a constant coordinate surface, then this integral reduces to one of 
the three double integrals:

F Sd F r d d
S

r

1

2

1

2
2 sin 	 (4.42a)

F Sd F r dr d
S r

r

1

2

1

2

sin 	 (4.42b)

F Sd F rdr d
S r

r

1

2

1

2

	 (4.42c)

Example 4.3  Evaluation of a Surface Integral
Evaluate the surface integral when the function A is given by

F a a a3 42z z z zsin 	

and the closed surface shown in Figure 4.5 is given by
S z: , ,2 0 2 1 4	

x

y

z
S1 (top)

dS1

dS3dS3

dS2
S2 (bottom)

S3 (side)

Figure 4.5  Closed surface in Example 4.3.
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Solution:

F S F S F S F Sd d d d
S S S



1 2 3

1 2 3 	
On S1 we have,

S z

z z z
d dS

1

2

1 1

0 2 0 2 4

3 4
0 0 0 0

: , ,

, sin ,
( , , ) (

F
S , , dd d

d z z z d d
S

z

)

, sin , ( )F S1
2

0 2
0 2

1

3 4 0 0, ,

44

2

0

2

0

2
2

3

0

2

4 4 2
3

6z d d d d 44
30 2

0 2
4z 	

On S2:
S z

z z z
d dS

2

2

2 1

0 2 0 2 1

3 4
0 0 0 0

: , ,

, sin ,
, , , ,

F
S d d

d z z z d d
S

F S2
2

0 2
0 2

2

3 4 0 0, sin , ( , , )

z

z d d d d

1

2

0

2

0

2
2

3

0

1 2
3

22

0 2
0 2

1

16
3

z 	
On S3:

S z

z z z
d dS d d

3

2

3

2 0 2 1 4

3 4
0 0

: , ,

, sin ,
, ,

F F
S zz

d z z z d dz
S

, , 

, , 

0 0

3 4 0 03
2

0 2
3

F S , sin ,

1 4

2

0

2

1

4
2

2
0 2
1 4

3 3 2

6

z

z

z d dz d z dz

22
3

12
3

64 1 756
3

3

1

4
z
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Therefore,

F S F S F S F Sd d d d
S S SS

1 2 3

1 2 3

64
3

16
3

756
3

268


	 ▪

4.3  Volume Integrals

The volume integral is a generalization of the triple integral and is denoted by

f x y z dxdydz
V

, , 	 (4.43)

Triple integrals can be evaluated by three successive integrations.

Example 4.4  Evaluation of a Triple Integral
Let f z z( ), , 2 . Then

z z

z d d dz d z d d
0

2

0

2

0

2

0

2

0

2

0

2

2 2 zz d zdz

zdz

z

z

4

4 4
2

8 4
2

0

2

0

2

0

2

16
	 ▪

4.4  Divergence Theorem of Gauss

The divergence theorem of Gauss states that the total outward flux of a vector field F 
through the closed surface S equals the volume integral of the divergence of F (Sadiku, 
2010, p. 76).

F S Fd dv
S


	 (4.44)

where the closed surface S defines the volume captured inside it.

4.5  Stokes’s Theorem

Stokes’s theorem states that the line integral of vector F along closed surface curve C 
equals the surface integral of the curl of F.

F r F Sd d
C S


	 (4.45)

where the closed curve C defines the surface S as shown in Figure 4.6
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4.6  EMC Applications

4.6.1  Maxwell’s Equations in an Integral Form

In Section 3.5.1 we presented Maxwell’s equations in a differential form. The equiva-
lent, integral for of these equations in simple medium is (Paul, 2006, Pgs. 899 and 901).

E l H Sd
t

d
C S


	 (4.46a)

H l E E S Sd
t

d d
C S S

S


J 	 (4.46b)

E Sd dv
S v

v


1 	 (4.46c)

H Sd
S

0


	 (4.46d)

In (4.46) E denotes electric field intensity, while H denotes magnetic field intensity. 
J stands for volume current density, while ρv denotes volume charge density. We will 
derive and discuss these equations in Part III of this book.

4.6.2  Loop and Partial Inductance

The concept of partial inductance is very powerful in EMC, for among other phenom-
ena, allows one to explain the ground bounce and power rail collapse (Paul, 2006, p.779; 
Ott, 2009, p. 770).

Consider a current flowing out of the source, through a forward path arriving at the 
load, and then going back to the source through a return path, as shown in Figure 4.7.

According to the Biot‐Savart’s law, current I flowing in the loop produces a magnetic 
flux density B.

The surface integral of the magnetic flux density over the surface of the loop gives the 
magnetic flux crossing the surface S

S

dB S	 (4.47)

The loop self inductance is defined as the ratio of the magnetic flux (due to the current I) 
crossing the surface S of this loop to the current I flowing in the same loop:

L
I

	 (4.48)

C

S

dS
C

S
dS

Figure 4.6  Illustration of Stokes’s Theorem.
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or

L
d

I
S

B S
	 (4.49)

In Part II, we will show that the magnetic flux density, B, is related to the magnetic 
vector potential, A, by

B A	 (4.50)

By using Stokes’s theorem, the surface integral in (4.47) over the surface area S can be 
transformed into a line integral of the vector magnetic potential A over the circumfer-
ence C of the surface area

S C

d dB S A l


	 (4.51)

and therefore the magnetic flux crossing the loop can be obtained from

A ld
C


	 (4.52)

Thus, the loop self inductance can alternatively be obtained from

L
d

I
C

A l


	 (4.53)

The closed curve C can be broken into four line segments C1, C2, C3, and C4, as shown 
in Figure 4.8.

Thus the line integral in Eq. (4.52) can be evaluated as the sum of the line integrals 
along each segment of the loop:

A l A l A l A l A ld d d d d
C C C CC 1 2 3 4



	 (4.54)

I

I

B

S

RL

RS

VS
+
–

Figure 4.7  Magnetic flux as a surface integral.
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Using (4.54) in (4.53) we obtain

L

d

I

d

I

d

I

d

I
L L L L

C C C C1 2 3 4

1 2 3 4

A l A l A l A l
	 (4.55)

Thus, the loop self inductance equals the sum of inductances attributed to each seg-
ment of the loop. The inductances L1, L2, L3, and L4 are called the partial self induct-
ances (Paul, p. 780).

4.6.3  Ground Bounce and Power Rail Collapse

Let’s start our discussion with a CMOS inverter logic gate in a totem‐pole configura-
tion, shown in Figure 4.9.

In a high‐speed digital circuits we often encounter the cascaded CMOS configuration 
shown in Figure 4.10.

A simplified model of this configuration is shown in Figure 4.11.
Let’s investigate the operation of this configuration on the low‐to‐high and high‐to‐

low transition of the input to the first inverter.
First, assume that the load capacitors CGP and CGN are initially uncharged. When the 

input signal IN = Low, the upper transistor is ON and the lower is OFF. The current 
flows though the upper transistor, signal trace, and the capacitor CGN to ground. This is 
shown in Figure 4.12.

Eventually the capacitor CGN is charged to (approximately) VCC and the current flow 
stops, as shown in Figure 4.13.

Now, the driver inverter transitions from low‐to‐high. Subsequently, the upper tran-
sistor turns OFF and the lower transistor turns ON, as shown in Figure 4.14.

At this point we have two sources of current:

1)	 current supplied by CGN as it discharges (dashed arrow)
2)	 current supplied by VCC as it charges the upper load capacitor

C2

C4

C1 C3

I

I

A

S

RL

RS

VS
+
–

Figure 4.8  Magnetic flux as a line 
integral.
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IN OUT

N-channel

P-channel

VCC

Figure 4.9  CMOS inverter logic gate.

VCC

CGP

CGN

CGP & CGN - Gate capacitances

VCC

IN OUT

Figure 4.10  Cascaded CMOS configuration.

VCC

CGP

CGN

VCC

IN OUT

Figure 4.11  Cascaded CMOS inverters.
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VCC

CGP
ON

OFF

CGN

VCC

INLow HighOUT

Figure 4.12  Input signal is Low.

VCC

CGP

CGN

VCC

VCC

+

–

INLow HighOUT

Figure 4.13  Current flow stops when CGN is charged to VCC.

VCC

CGP

ON

OFF

CGN

VCC

IN

Low-to-High

High-to-LowOUT

Figure 4.14  Transition from low‐to‐high.
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The current then flows along the trace towards the driver and through the lower 
transistor to ground. Eventually the current flow stops, and the voltage across capacitor 
CGP is VCC. This is shown in Figure 4.15.

Now, the driver inverter transitions from high to low. Subsequently, the upper transis-
tor turns ON and the lower transistor turns OFF, as shown in Figure 4.16.

At this point we have two sources of current:

1)	 current supplied by CGP as it discharges (dashed arrow)
2)	 current supplied by VCC flowing through the upper transistor, along the trace, and 

through the lower load capacitor, eventually charging it to VCC

Let’s focus on the currents supplied by VCC on both transitions. These are the cur-
rents that affect the ground bounce and power rail collapse.

Now let’s turn our attention to a more complete circuitry that shows the power distri-
bution system that includes the source, VS, and power and ground traces. This is shown 
in Figure 4.17.

VCC

CGP

ON

OFF

CGN

VCC

VCC

IN LowOUTHigh

+

–

Figure 4.15  Current flow stops when CGP is charged to VCC.

VCC

CGP
ON

OFF CGN

VCC

IN

High-to-Low

Low-to-HighOUT

Figure 4.16  Transition from high to low.
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In addition to the currents previously discussed, Figure 4.17 also shows the crossover 
currents which flow when both transistor are briefly ON at the same time.

When a CMOS gate switches, a current transient is drawn from the power distribu-
tion system. This current transient flows through both the power and ground traces. 
Both of these traces possess (partial) inductance, as shown in Figure 4.18, for a low‐to‐
high transition, and in Figure 4.19 for a high‐to‐low transition.

Note: The models shown in Figures 4.17 and 4.18 can be applied at frequencies where 
the impedance of the short PCB traces connecting the ICs is low enough compared to 
the impedance of the long supply traces and thus can be neglected (Hubing et al., 1995).

The impedance of the long supply traces cannot be neglected and is modeled as the 
power trace inductance LP and the ground trace inductance LG.

When IC1 switches (and also during the crossover event) the current is drawn from 
the source, resulting in the voltages VP and VG across the power and ground trace 
inductances. These voltages are often referred to as power rail collapse, and ground 
bounce, respectively.

The important consequence of these voltages is the fact that the voltage VIC at the IC1 
power and ground pins is no longer equal to VS, potentially causing signal integrity 
issues.

V V L L
di t

dtIC S p G 	 (4.56)

VCC

Driver IC (IC1)

GND GND

VS
+
–

VCC

High-to-Low

VCC

Driver IC (IC1)

GND GND

VS
+
–

VCC

Crossover (shoot through) current

Low-to-High

Load IC (IC2)

Load IC (IC2)

Figure 4.17  Power distribution system and the current flow.
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5

Differential equations are of fundamental importance in electromagnetics because 
many electromagnetic laws and EMC concepts are mathematically described in the 
form of differential equations.

We will focus on a selected sample of the differential equations relevant to the subject 
of EMC. We begin by discussing the first‐order RC and RL circuits and their solutions, 
and then focus on the second‐order RLC circuits.

We conclude this chapter by presenting several EMC applications described by the 
differential equations.

5.1  First Order Differential Equations – RC and RL Circuits

5.1.1  RC Circuit

A typical time‐domain RC circuit configuration is shown in Figure 5.1. (In Section 9.3 
we will learn how to transform any linear circuit into such a configuration using the 
Thévenin theorem approach).

At t 0 , the switch closes and a dc voltage source, VT, is connected to a capacitor with 
an initial voltage of V0. RT represents the Thévenin resistance of the circuitry connected 
to the capacitor.

The differential equation governing the capacitor voltage in this circuit is (Alexander & 
Sadiku, 2009, p. 274).

	
R C

dv t
dt

v t V v V tT
C

C T C, 0 00 	 (5.1)

Mathematics provides a number of approaches to solving this equation. We will solve 
it using the separation of variables. Rearranging terms gives

	

dv
dt

V v
R C

v V
R C

C T C

T

C T

T
	 (5.2)

or

	

dv
v V

dt
R C

C

C T T
	 (5.3)

Differential Equations
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Integrating both sides and using the definite integral approach we get

	

dv
v V

dt
R C

C

C TV

v t

T

tC

0 0

	 (5.4)

Thus

	
ln v V t

R CC T V

v t

T

t
C

0
0

	 (5.5)

and subsequently

	
ln lnv t V V V t

R CC T T
T

0 	 (5.6)

or

	
ln v V

V V
t

R C
C T

T T0
	 (5.7)

Therefore

	 e e
ln v V

V V
t

R C
C T

T T0 	
(5.8)

or

	

v V
V V

C T

T

t
R CT

0
e 	 (5.9)

leading to

	 v V V VC T T
t

R CT
0 e 	 (5.10)

RT

VT

t = 0

C+

–

+

–

vc, V0

Figure 5.1  RC circuit.
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And finally the step response of the capacitor voltage is given by

	 v t V V V R C tC T T
t

T0 0e , , 	 (5.11)

This response is shown in Figure  5.2, where R CT  is the time constant of the 
circuit.

5.1.2  RL Circuit

A typical time‐domain RL circuit configuration is shown in Figure 5.3.
At t 0, the switch closes and a dc current source, IN, is connected to an inductor with 

an initial current of I0. RN represents the Norton resistance of the circuitry connected to 
the inductor (discussed in Section 9.4).

The differential equation governing the inductor in this circuit is (Nilsson & Riedel, 
2015, p. 225).

	
L

R
di
dt

i I i I t
N

L
L N L, ,0 00 	 (5.12)

vc

99.3%

t

VT

V1

V0
τ

τ
2τ 3τ 4τ 5τ

V1
e

Figure 5.2  RC circuit step response.

t = 0

L iL, I0
RNIN

Figure 5.3  RL circuit.
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We will solve it using the separation of variables, but this time we will use the indefinite 
integral approach. Rearranging terms gives

	

di
dt

I i
L

R

i I
L

R

L N L

N

L N

N

	 (5.13)

or

	

di
i I

dt
L

R

L

L N
N

	 (5.14)

Integrating both sides and using the indefinite integral approach we get

	

di
i I

dt
L

R

L

L N
N

	 (5.15)

Thus

	

ln i t I t
L

R
AL N

N

	 (5.16)

Therefore

	 i t I BL N

t
L

R
A

A

t
L

RN Ne e e 	 (5.17)

or

	 i t I BL N

t
L

RNe 	 (5.18)

Evaluating Eq. (5.18) at t 0  gives

	 B I IN0 	 (5.19)

Substituting Eq. (5.19) in Eq. (5.18) and rearranging produces the final result, i.e. the 
step response of the inductor current

	
i t I I I L

R
tL N N

t

N
0 0e , , 	 (5.20)

This response is shown in Figure  5.4, where L RN/  is the time constant of the 
circuit.

Compare Eq. (5.20) with Eq. (5.11). They have the same mathematical form! This is 
not a coincidence. Look at Eq. (5.12) and Eq. (5.1). They also have the same mathemati-
cal form!

This leads to a very important observation that we will use on several occasions. 
Mathematical equations of the same form have the solutions of the same form.
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5.2  Second‐Order Differential Equations – Series 
and Parallel RLC Circuits

5.2.1  Series RLC Circuit

A typical series RLC circuit configuration is shown in Figure 5.5.
At t 0, the switch closes and a dc voltage source, VT, is connected to a series LC 

configuration. The capacitor has an initial voltage of V0 and the inductor has an initial 
current of I0.

The differential equation governing the capacitor voltage in this circuit is (Nilsson & 
Riedel, 2015, p. 287)

	

d v
dt

R
L

dv
dt LC

v V
LC

t

v V
dv

dt
I
C

C T C
C

T

C

C

2

2

0

0

1 0

0
0

,

, 	 (5.21)
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τ
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Figure 5.4  RL circuit step response.
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Figure 5.5  Series RLC circuit.
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Note that this equation could be written as

	

d v
dt

a dv
dt

bv V
LC

t

v V
dv

dt
I
C

C C
C

T

C

C

2

2

0

0

0

0
0

,

, 	 (5.22)

Instead of solving Eq. (5.22) directly, we will modify it by introducing two new param-
eters ζ and ω0, instead of a and b. Why? Because these two new constants have a physical 
meaning (unlike a and b), are very descriptive (we will see that, when looking at the 
solution of Eq. (5.21)) and they are indispensable when analyzing and designing second‐
order systems.

The new parameters are indirectly defined by:

	 2 0 a	 (5.23a)

	 0
2 b	 (5.23b)

Using these two parameters, Eq. (5.22) can be written as

	

d v
dt

dv
dt

v V
LC

t

v V
dv

dt
I
C

C C
C

T

C

C

2

2 0 0
2

0

0

2 0

0
0

,

, 	 (5.24)

There are many ways of solving Eq. (5.24). The choice of approach strongly depends 
of the functional form of the forcing function VT.

When the forcing function is identically equal to zero, VT 0 , the circuit is driven by 
the initial conditions only: the initial capacitor voltage and the initial inductor current 
(at least one of these two values must be non‐zero for the circuit response to be 
non‐zero).

In this case, the Eq. (5.24) describing the series RLC circuit becomes

	

d v
dt

dv
dt

v t

v V
dv

dt
I
C

C C
C

C

C

2

2 0 0
2

0

0

2 0 0

0
0

,

, 	 (5.25)

The response of the circuit is termed the natural response.
We will subsequently obtain the solution of Eq. (5.24) in the time domain for the case 

when the forcing function is a dc (step) voltage. Also, we will set the initial conditions 
to zero.
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d v
dt

dv
dt

v V
LC

t

v
i

C C
C

T

C

L

2

2 0 0
22 0

0 0
0 0

,

, 	 (5.26)

Such a response is termed the forced response.
Because the circuit is linear, we can solve for these responses separately and superim-

pose them to get the total response. (This important property is called superposition 
and will be explained in Part II.)

Natural Response of the Series RLC Circuit  The natural response is governed by Eq. (5.26), 
which requires the capacitor voltage plus a constant times its first derivative, plus another 
constant times its second derivative to add to zero for all 0. The only way this can 
happen is for vC(t), its first derivative, and its second derivative to have the same 
functional form.

There is only one such mathematical function: an exponential function. No matter 
how many times we differentiate an exponential function, the result is another exponen-
tial function.

This observation plus experience with first‐order circuits, suggests that we try a 
solution of the form

	 v t AC
ste 	 (5.27)

where A and s are constants yet to be determined.
If vC(t), as defined by Eq. (5.27), is to be the solution of Eq. (5.26) then it must satisfy 

Eq. (5.26). Let’s see where this reasoning leads us. First, let’s obtain the first and second 
derivative of vC(t), so that we can substitute them in Eq. (5.26).

	

dv t
dt

sAC ste 	 (5.28a)

	

d v t
dt

s AC st
2

2
2 e 	 (5.28b)

Substituting Eq. (5.27) and Eq. (5.28) into Eq. (5.26) leads to

	 s A sA Ast st st2
0 0

22 0e e e 	 (5.29)

Or

	
A s sste 2

0 0
22 0 	 (5.30)

The function est cannot be zero for all t 0. The condition A 0  is not considered 
because it is a trivial solution of no interest to us. That leaves us with the requirement that

	 s s2
0 0

22 0 	 (5.31)
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This quadratic equation is known as the characteristic equation of Eq. (5.24), since 
the roots of the equation dictate the character of the solution.

The two roots are

	 s1 0 0
2 1 	 (5.32a)

	 s2 0 0
2 1 	 (5.32b)

The two values of s in Eq. (5.32) indicate that there are two possible solutions for vC(t), 
each of which is in the form of the assumed solution in Eq. (5.27):

	 v AC
s t

1 1
1e 	 (5.33a)

	 v AC
s t

2 2
2e 	 (5.33b)

Since Eq. (5.25) is a linear equation, any linear combination of the two distinct 
solutions vC1(t) and vC2(t) is also a solution of Eq. (5.25). The general solution of 
Eq. (5.25), therefore, is

	 v t A AC
s t s t

1 2
1 2e e 	 (5.34)

where the constants s1 and s2 are given by Eq. (5.31) and the constants A1 and A2 are 
determined from the initial capacitor voltage and inductor current, as follows.

At t 0 , Eq. (5.34) becomes

	 v V A AC 0 0 1 2 	 (5.35)

To use the initial condition on the inductor current, we differentiate Eq. (5.34) 
to obtain

	

dv t
dt

A s A sC s t s t
1 1 2 2

1 2e e 	 (5.36)

At t 0 , Eq. (5.36) becomes

	

dv
dt

A s A sC 0
1 1 2 2 	 (5.37)

Since

	

dv
dt

I
C

C 0 0 	 (5.38)

we have

	

I
C

A s A s0
1 1 2 2 	 (5.39)

The solution of Eq. (5.35) and Eq. (5.39) yields the constants A1 and A2.
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Examining the roots of the characteristic equation (5.31) we notice that the roots can 
be of three different types:

1)	 If 1  we have two distinct real roots (the voltage response is said to be 
overdamped).

2)	 If 1, we have two equal real roots (the voltage response is said to be critically 
damped).

3)	 If 1, we have two complex conjugate roots (the voltage response is said to be 
underdamped).

Each type of the roots leads to a different mathematical form of the solution and 
hence to a different circuit behavior identified as overdamped, critically damped, or 
underdamped.

These three cases will be addressed next. (It is the underdamped case that is of most 
concern to an EMC engineer, as we shall see.)

Case 1  –  Overdamped Response  When 1, we have two distinct real roots, both of 
which are negative and real

	 s1 0 0
2 1 	 (5.40a)

	 s2 0 0
2 1 	 (5.40b)

The overdamped response is given by

	 v t A AC
s t s t

1 2
1 2e e 	 (5.41)

Case 2 – Critically Damped Response  When 1 , we have two equal real negative roots.

	 s s1 2 0 	 (5.42)

The critically damped response is given by

	 v t B B tC
st st

1 2e e 	 (5.43)

Constants B1 and B2 are evaluated using the initial conditions, as follows.
At t 0, Eq. (5.43) becomes

	 v BC 0 1 	 (5.44)

Upon differentiation Eq. (5.43) produces

	

dv t
dt

B se B e B tseC st st st
1 2 2 	 (5.45)

Evaluating Eq. (5.45) at t 0  results in

	

dv
dt

B s BC 0
1 2 	 (5.46)
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Now using Eq. (5.22) in Eq. (5.46) we arrive at

	
I
C

B s B0
1 2	 (5.47)

Solving Eq. (5.44) and Eq. (5.47) simultaneously produces the unknown constants B1 
and B2.

Case 3 – Underdamped Response  When 1, we have two complex conjugate roots.

	

s

j

1 0 0
2

0 0
2

0 0
2

0 0

1 1 1

1 1 1 22
	 (5.48a)

	 s j2 0 0
21 	 (5.48b)

It is convenient (and practical from the design standpoint) to define a new frequency 
ωd, called the damped natural frequency

	 d 0
21 	 (5.49)

Then the complex roots in Eq. (5.48) can be written as

	 s1 0 0
2 1 	 (5.50a)

	 s2 0 0
2 1 	 (5.50b)

The underdamped circuit response is given by

	 v t D t D t tC
t

d
t

d1 2
0 0 0e ecos sin , 	 (5.51)

The constants D1 and D2 are evaluated from the initial conditions as follows. Evaluating 
Eq. (5.50) at t 0  results in

	 v DC 0 1 	 (5.52)

That was easy. Obtaining D2 will take some work. Differentiate Eq. (5.51) to obtain

	

dv t
dt

D d
dt

t D d
dt

t

D

C t
d

t
d1 2

1 0

0 0e e

e

cos sin

0 0

0
2 0

t
d

t
d d

t
d

t t

D t

cos sin

sin

e

e e 0t
d dtcos

	 (5.53)

Now, evaluate Eq. (5.53) at t 0  to get

	

dv
dt

D DC
d

0
1 0 2 	 (5.54)
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Finally, make use of Eq. (5.22) in Eq. (5.54) to arrive at

	
D D I

Cd1 0 2
0 	 (5.55)

Use Eq. (5.52) in Eq. (5.55) to solve for D2.
Note: Using the trigonometric identities (or phasors), the underdamped response, as 

given by Eq. (5.51), can be expressed in a much more useful from:

	
v t D t tC

t
de 0 0sin , 	 (5.56)

The new constants D and θ are determined from the knowledge of the constants D1 
and D2.

Forced Response of  the  Series RLC Circuit  Consider the series RLC Circuit, shown in 
Figure 5.6 with zero initial conditions and driven by a step input.

This circuit is governed by the differential equation

	

d v
dt

R
L

dv
dt LC

v V
LC

tC T C
C

T
2

2
1 0, 	 (5.57)

Or using the damping ratio and undamped natural frequency

	

d v
dt

dv
dt

v V tC C
C T

2

2 0 0
2

0
22 0 	 (5.58)

where

	
2 0

R
L

	 (5.59a)

	
0
2 1

LC
	 (5.59b)

RT
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t = 0

L

C

+

–
vc,V0 = 0

iL, I0 = 0

Figure 5.6  Series RLC circuit with zero initial conditions.
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and the initial capacitor voltage and the initial inductor current are zero.

	 v VC 0 00 	 (5.60a)

	 i IL 0 00 	 (5.60b)

Under these assumptions the solution of Eq. (5.58) is called the forced response.
In order to obtain the solution of Eq. (5.58) we need the value of the initial capacitor 

voltage (which is zero in this case) as well as the value of the derivative of the capacitor 
voltage at t 0 .

The current through the capacitor is related to the voltage across the capacitor by:

	
i t C

dv t
dtC
C 	 (5.61)

Since the current through the inductor is the same as the capacitor current (they are 
in series), we have

	
i t C

dv t
dtL
C 	 (5.62)

Evaluating Eq. (5.62) at t 0  results in

	
i C

dv
dtL
C0

0
	 (5.63)

Since the initial inductor current is zero, it follows that

	

dv
dt
C 0

0 	 (5.64)

This the differential equation we need to solve; subject to its initial condition, it can 
be alternatively stated as

	

d v
dt

dv
dt

v V t

v
dv

dt

C C
C T

C

C

2

2 0 0
2

0
22 0

0 0
0

0

	 (5.65)

It can be shown (recall the discussion regarding the natural response) that the forced 
solution of Eq. (5.65) assumes one of the following forms.

Overdamped response 1

	 v t V E EC T
s t s t

1 2
1 2e e 	 (5.66a)

Critically damped response 1

	 v t V E E tC T
st

1 2 e 	 (5.66b)
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Underdamped response 1

	 v t V E t E tC T
t

d
t

d1 2
0 0e ecos sin 	 (5.66c)

The constants E1 and E2 are evaluated using the initial conditions following the pro-
cedure discussed for the natural response.

Just as for the natural response, it is more desirable from the engineering standpoint 
to express the underdamped case in the form

	 v t V E tC T
t

de 0 sin 	 (5.67)

instead of the form in Eq. (5.66c). The new constants E and θ are determined from the 
knowledge of the constants E1 and E2.

The forced responses are shown in Figure 5.7.
Figure  5.8 shows the underdamped responses for different value of the damping 

ratio ζ. It is important to note that for small values of ζ the response is highly oscillatory. 
This fact manifests itself in the EMC phenomenon known as ringing, which will be 
described at the end of this chapter.

vc(t)

t

Underdamped
Critically damped

Overdamped

Figure 5.7  Forced responses 
of a series RLC circuit.

0 < ζ1 < ζ2 < 1

t

vc(t)

ζ1

ζ2

Figure 5.8  Underdamped responses 
for different values of ζ.
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Total Response of the Series RLC Circuit  Total response of the series RLC circuit is due to 
both the forcing function and the non‐zero initial conditions. Based on the property of 
superposition (which will be discussed in Part II) the total response is the sum of the 
natural and forced responses.

The total response assumes one of the following forms.
Overdamped response 1

	 v t V F FC T
s t s t

1 2
1 2e e 	 (5.68a)

Critically damped response 1

	 v t V F F tC T
st

1 2 e 	 (5.68b)

Underdamped response 1

	 v t V F t F tC T
t

d
t

d1 2
0 0e ecos sin 	 (5.68c)

	 v t V Fe tC T
t

d
0 sin 	 (5.68d)

All the constants in Eq. (5.68) are evaluated in a similar manner to that discussed for 
the natural response.

5.2.2  Parallel RLC Circuit

A typical parallel RLC circuit configuration is shown in Figure 5.9.
At t 0 , the switch closes and a dc current source, IN, is connected to a parallel LC 

configuration. The capacitor has an initial voltage of V0 and the inductor has an initial 
current of I0.

The differential equation governing the inductor current in this circuit is (Nilsson & 
Riedel, 2015, p. 280)

	

d i
dt R C

di
dt LC

i I
LC

t

i I
di

dt
V
L

L

N

L
L

N

L

L

2

2

0

0

1 1 0

0
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,

, 	 (5.69)
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Figure 5.9  Parallel RLC circuit.
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or

	

d i
dt

di
dt

i I t

i I
di

dt
V
L

L L
L N

L

L

2

2 0 0
2

0
2

0

0

2 0

0
0

,

, 	 (5.70)

where

	
0
2 1

LC
	 (5.71a)

	
2 1

0 RC
	 (5.71b)

Comparing Eqs (5.70) and (5.24) we note that they have the same mathematical form. 
It follows that the solutions of these equations will have the same mathematical form.

Therefore the natural, forced, and the total responses will have the following forms.
Overdamped response 1

	 i t I F FL N
s t s t

1 2
1 2e e 	 (5.72a)

Critically damped response 1

	 i t I F F tL N
st

1 2 e 	 (5.72b)

Underdamped response 1

	 i t I F t F tL N
t

d
t

d1 2
0 0e ecos sin 	 (5.72c)

	 i t I F tL N
t

de 0 cos 	 (5.72d)

All the constants in Eq. (5.72) are evaluated in a similar manner to the one discussed 
for the series RLC circuit.

5.3  Helmholtz Wave Equations

In Section  6.7.4 we will derive the formulas for the radiated fields of the electric 
dipole of the antenna. In our derivations we will utilize the results derived in this 
section.

In this section we will present the solution of the inhomogeneous Helmholtz equation 
(Balanis, 2005, p. 139)

	
2 2ˆ ˆ ˆkA A J	 (5.73)

In order to solve this equation for the vector magnetic potential A, we will proceed as 
follows.
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Let’s assume that an infinitesimal source with current density J 0 0, , Jz  is placed at 
the origin of the coordinate system as shown in Figure 5.10.

To distinguish between the location where the source exists and the location of the 
observation point, we will use the prime coordinates for the source and the unprimed 
coordinates for the observation point, as shown in Figure 5.10.

Since the current density vector J has only a z component, then the vector A will only 
have a z component, and the Eq. (5.73) can be rewritten as

	
2 2A k A Jz z z 	 (5.74)

At the observation point, the current density Jz = 0, and Eq. (5.74) becomes

	
2 2 0A k Az z 	 (5.75)

In the limit, the source is a point, and therefore Az is not a function of θ or φ; it will 
only be a function of the distance from the origin, A A rz z ( ). Due to the apparent 
symmetry, we will choose spherical coordinate system for evaluation of the Laplacian in 
Eq. (5.75).

The Laplacian in spherical coordinate system is given by

	
2

2
2

2 2 2
1 1 1A
r r

r A
r r

A
rz

z z

sin
sin

sin

2

2
Az 	 (5.76)

Thus, Eq. (5.75) can be written as

	

2 2
2

2 21 0A k A
r r

r
A r

r
k A rz z

z
z 	 (5.77)

Taking the derivative of the term in brackets leads to

	

2 2
2

2 21 0A k A
r r

r
A r

r
k A rz z

z
z 	 (5.78)
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φ y
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Figure 5.10  Current density source located at the origin 
of the coordinate system.
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or

	

1 2 02
2

2

2
2

r
r

A r
r

r
A r
r

k A rz z
z 	 (5.79)

Equation (5.79) has two independent solutions (Balanis, 1989, p. 277)

	
A C

rz

jkr

1 1
e 	 (5.80a)

and

	
A C

rz

jkr

2 2
e 	 (5.80b)

Equation (5.80a) represents an outwardly (in the radial direction) traveling wave and 
Eq. (5.80b) describes an inwardly traveling wave. Since the source is placed at the origin, 
giving rise to an outwardly traveling wave, we chose the solution (5.80a) and discard the 
solution (5.80b). Thus,

	
A A C

rz z

jkr

1 1
e 	 (5.81)

In the static case ω = 0, and thus

	 k2 2 0 	 (5.82)

and Eq. (5.81) simplifies to

	
A C

rz
1 	 (5.83)

which is the solution to Eq. (5.73) or Eq. (5.75) when k = 0.
Thus, at the locations away from the source the time‐varying solution (5.81) and the 

static solution (5.83) differ only by the e−jkr factor.
Thus, the time‐varying solution can be obtained by multiplying the static solution 

by e−jkr.
Now, at the locations when the source is present, the Helmholtz equation is that of 

Eq. (5.74), repeated here

	
2 2A k A Jz z z 	 (5.84)

which in the static case becomes

	
2 A Jz z 	 (5.85)

This is a well‐known Poisson’s equation. The most familiar version of Poisson’s equations 
is that from electrostatics

	
2V 	 (5.86)
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where V is the scalar electric potential and ρ is the electric charge density. The solution 
of Eq. (5.86) is known to be

	
V

r
dv

v

1
4

	 (5.87)

The single prime for the variable of integration indicates that we integrate over the 
volume where the source is present.

Since Eqs (5.85) and (5.86) have the same mathematical forms, their solutions have 
the same mathematical forms. Thus the solution of Eq. (5.84) for the static case is

	
A J

r
dvz

v

z

4
	 (5.88)

By analogy to Eqs (5.81) and (5.83), the time‐varying solution of Eq. (5.84) can be 
obtained by multiplying the static solution (5.88) by e−jkr.

Thus,

	
A J

r
dvz

v
z

jkr

4
e 	 (5.89)

is the solution of Eq. (5.84).
If the current densities were in the x and y directions ( Jx and Jy respectively), the wave 

equation

	
2 2ˆ ˆ ˆkA A J	 (5.90)

for each direction would reduce to

	
2 2A k A Jx x x 	 (5.91a)

	
2 2A k A Jy y y 	 (5.91b)

with corresponding solutions of the form as in Eq. (5.89) given by

	
A J

r
dvx

v
x

jkr

4
e 	 (5.92a)

	
A J

r
dvy

v
y

jkr

4
e 	 (5.92b)

Thus, the solution to Eq. (5.90) is

	
A J

4 v

jkr

r
dve 	 (5.93)

where the solution vector A has the components Ax, Ay, Az, given by Eqs (5.92a), (5.92b), 
and (5.89), respectively.

In the discussion so far, we have assumed that an infinitesimal source with current 
density J 0 0, , Jz  was placed at the origin of the coordinate system.
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Let’s now place the source away from the origin, as shown in Figure 5.11.
Note that the source is represented by the primed coordinates, while the observation 

point by the unprimed coordinates.
Now, the solution (5.90) can be written as

	
A Jx y z x y z

R
dv

jkR

v

, , , ,
4

e 	 (5.94)

where R is the distance from any point on the source to the observation point.
The solution (5.94) was derived for the volume current density (in A/m2). If J repre-

sents surface current density (in A/m), then the solution for A is given in terms of the 
surface integral

	
A Jx y z x y z

R
dSS

jkR

S

, , , ,
4

e 	 (5.95)

and if J represents electric current (in A), then the solution for A is given in terms of the 
line integral

	
A Ix y z x y z

R
dle

jkR

c

, , , ,
4

e 	 (5.96)

5.4  EMC Applications

5.4.1  Inductive Termination of a Transmission Line

In this section we will show the application of the RL circuit differential equation 
discussed in Section 5.1.2 to the transmission line terminated by an inductive load. We 
will discuss transmission lines in detail in Part III.

Consider the circuit shown in Figure 5.12.
A line of length d is terminated by an inductor L with zero initial current. A constant 

voltage source with internal resistance equal to the characteristic impedance ZC of the 
line is connected to the line at t 0.

(x, y, z)

(x′, y′, z′)
Jz

r′
θ′

φ

φ′

R

r

x

z

y

Figure 5.11  Current density source located away from 
the origin.
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As we will learn in Chapter 17, the moment the switch closes at t 0, the voltage and 
current waves (vi and ii) originate at z 0 and travel down the line to reach the load end 
at time T.

Upon arriving at the load the reflected voltage and current waves (vr and ir) are 
created. The differential equation (we will derive it in Section  17.1.3) governing the 
reflected voltage wave is

	
L

Z
dv
dt

v V v V t T
C

r
r

S
r

S

2
0

2
, , 	 (5.97)

Rearranging Eq. (5.97) results in

	

dv
dt

v
L

Z

V Z
L

r r

C

S C

2
	 (5.98)

or

	
dv
dt

v Kr r 	 (5.99)

where

	
L

ZC

	 (5.100a)

	
K V Z

L
S C

2
	 (5.100b)

Rearranging Eq. (5.99) we get

	
dv
dt

v Kr r 	 (5.101)

or

	
dv
dt

v Kr r 	 (5.102)

ZC

VS
VL

+

–

ZC, V vi, ii

vr, ir

L

iL

z = 0

t = 0

z = d

Figure 5.12  Transmission line terminated by an inductive load.



Differential Equations 101

Separating the variables we get

	
dv

v K
dtr

r

1 	 (5.103)

Now, integrating Eq. (5.103) we obtain

	

dv
v K

dtr

rv t T

v t

t T

t

r

r

0 0

1 	 (5.104)

resulting in

	
ln v Kr v T

v t

T

t

r

r 1 	 (5.105)

or

	
ln

v t K
v T K

t Tr

r

1 	 (5.106)

and thus

	

v t K
v T K

r

r

t T
e

1

	 (5.107)

leading to

	
v t K v T Kr r

t T
e

1

	 (5.108)

Utilizing (5.100) in (5.108) we obtain

	
v t V Z

L
L

Z
V V Z

L
L

Zr
S C

C

S S C

C2 2 2
e

Z
L

t TC

	 (5.109)

and finally

	
v t V Vr

S
S

Z
L

t TC

2
e 	 (5.110)

More specifically, the general solution for the differential equation (5.97) is

	
v d t V V for t Tr

S
S

Z L t T, e
2

0 / , 	 (5.111)

The total voltage across the inductor, and the total current through the inductor are 
obtained by adding the incident and reflected waves.
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v l t v v V v d t

for t T

V for t T

i r
S

r

S
Z L t TC

, , 

e

2
0,

,/

	 (5.112)

Figure 5.13 shows a circuit schematic of a transmission line driven by a 5 V CMOS, 
and terminated in an inductive load.

The driver voltage and the voltage across the inductor are displayed in Figure 5.14.

U1.21
R1 TL1

L1

100.0 nH

50.0 ohms
500.000 ps
Simple
Net001

50.0 ohms

MODvsEZIBIS
CMOS, 5 V, ULTRA, IO
Net003

Figure 5.13  HyperLynx circuit model of a transmission line terminated by an inductive load.
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Figure 5.14  Driver voltage and the voltage across the inductor.
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5.4.2  Ringing on a Transmission Line

In this section we will the application of the series RLC circuit model to the phenomenon 
of ringing on the PCB traces.

Many pulse circuits can be represented by the lumped equivalent circuit shown in 
Figure 5.15.

This is our familiar series RLC circuit that we discussed in Section  5.2.1. When 
ringing occurs, the voltage across the capacitors exhibits sinusoidal oscillations, i.e. the 
circuit is underdamped.

The underdamped response was obtained as

	 v t V E tC T
t

de 0 sin 	 (5.113)

This response occurs when the roots s1 and s2 of the characteristic equation (5.31) are 
complex.

	 s1 0 0
2 1 	 (5.114a)

	 s1 0 0
2 1 	 (5.114b)

This occurs when 1.
Recall: In series RLC circuit we have

	
2 0

R
L

	 (5.115a)

	
0
2 1

LC
	 (5.115b)

Source
resistance

Ltrace

Ctrace Cload

LoadPCB traceDriver

R

Pulse
input

+

–

Figure 5.15  Lumped parameter model of a pulse circuit.
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Solving (5.115a) for ζ we obtain

	

R
L2 0

	 (5.116)

Substituting for ω0 from Eq. (5.115b) into Eq. (5.116), results in

	

R
L

R

L
LC

R LC
L

R LC
L2 2 1 2 40

2

2 	 (5.117)

or

	

R C
L

2

4
	 (5.118)

To avoid ringing we need 1, or equivalently

	
R C

L

2

4
1 	 (5.119)

Thus the loop inductance would have to satisfy the inequality,

	

2

4
R CL 	 (5.120)

Let’s use some typical values for R and C and let R C20 10, pF. Then the loop 
inductance would have to satisfy

	
L

20 10 10
4

2 12

lnH	 (5.121)

It is easy to see that it is very easy to create a condition of ringing in an electronic 
circuit.

Ringing Measurements  The laboratory test setup to measure ringing is shown in 
Figure 5.16.

The circuit diagram showing all intentional circuit components is shown in 
Figure 5.17.

The function generator produces a 1 MHz trapezoidal 1 Vpp pulse train with adjusta-
ble rise and fall time.

With the rise and fall times set to 10 ns, the voltage measured at the input to the PCB 
trace is shown in Figure 5.18.

There is no noticeable ringing present at the input to the trace.
Figure 5.19(a) shows the waveform when the rise time has been changed to 2.5 ns, 

while the fall time stayed at 10 ns. In Figure 5.19(b), both the rise and fall time are at 
2.5 ns.

With the rise and/or fall time changed to 2.5 ns we observe a significant ringing pre-
sent in the system.
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Figure 5.16  Experimental setup for ringing measurements.

50 Ω

ZC = 50 Ω

50 Ω

Load

z = dz = 0
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Pulse
input

+
–

PCB trace

d = 21 cm

Figure 5.17  Circuit model of the experimental setup.

tr = 10ns

1

tf  = 10ns

f0 = 1MHz, Vpp = 1V

Figure 5.18  Trapezoidal pulse train produced by a function generator.
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Figure 5.20 shows the expanded view of the ringing waveform on the rising edge.
It is evident from Figure 5.20 that the ringing waveform resembles an underdamped 

sinusoid described by Eq. (5.113), repeated here.

	 v t V E tC T
t

de 0 sin 	 (5.122)

At this point we may pose a question: why was the ringing not present (negligible) 
with the 10 ns rise/fall time but very pronounced with the 2.5 ns rise/fall time? This 
question can be answered when we compare the physical size of the PCB trace with the 
electromagnetic wave wavelength at the highest frequency present in the signal. We will 
discuss this topic in Chapter 15.

1

1

(a)

(b)

tr  = 2.5ns

Ringing

Ringing

Ringing

tr = 2.5ns tf = 2.5ns

tf = 10ns

Figure 5.19  Ringing (a): with the rise time at 2.5 ns and fall time at 10 ns, (b) with both the rise and fall 
time at 2.5 ns.

Ringing waveform

Figure 5.20  Ringing waveform on the rising edge.
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It is very instructive and revealing to look at the current waveforms that can be 
captured using an H‐field probe, as shown in Figure 5.21.

These waveforms are shown in Figure  5.22 for the 10 ns rise time case, and in 
Figure 5.23 for the 2.5 ns rise time case.

Figure 5.21  H‐field probe current measurements.

Voltage waveform

Current waveform

tr = tf = 10 ns

Figure 5.22  Voltage and current waveforms for the 10 ns rise time case.
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Note that the current waveform exhibits ringing in both cases, while the voltage 
waveform in the 10 ns case exhibits minimal or no noticeable ringing.
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6

6.1  Definitions and Forms

A complex number z is a number that can be expressed as

	 z x jy	 (6.1)

where x and y are real numbers and

	 j2 1	 (6.2)

x is called a real part of z, and we write x = Re(z).
y is called an imaginary part of z, and we write y = Im(z).
j is called an imaginary unit, sometimes expressed as j 1.

As we will soon see, there are several equivalent representations of complex numbers. 
The representation in Eq. (6.1) is called the rectangular form.

Example 6.1  Rectangular form of a complex number

	

z j z z
z j z z
z j

1 1 1

2 2 2

3

3 8 3 8
2 5 2 5

4

, ,
, ,

Re Im
Re Im

00 4 4 0
0 7 7 0 7

3 3

4 4 4

, ,
, ,

Re Im
Re Im

z z
z j j z z 	

▪

When dealing with complex numbers, it is often expedient to represent them graphi-
cally. We can easily do that in a complex plane using a Cartesian coordinate system, 
where the x axis is the real axis and the y axis is the imaginary axis, as shown in Figure 6.1.

Example 6.2  Complex plane
Let z j4 3 . Determine the location of this number in the complex plane.

Solution:  The location is shown in Figure 6.2.� ▪

Complex Numbers and Phasors
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In electromagnetics problems, it is often practical to represent a complex number z as 
a directed line segment from the origin to the point P in the complex plane, as shown in 
Figure 6.3.

Note that r and θ are the familiar polar coordinates of P defined by

	

x r z
y r z

cos cos
sin sin

	 (6.3)

Im z

Re z

P(x, y)y

x

1

0 1

Figure 6.1  Complex plane.

Im z

Re z

P(4, –3)

1

0

–3

1 4

Figure 6.2  Solution of Example 6.2.

Im z

Re z

P(x, y)y

x

1

0 1

∣z∣ = r

θ

Figure 6.3  Complex number representation as a 
directed line segment.



Complex Numbers and Phasors 111

r is called the magnitude of z, denoted |z| and

	 z r x y2 2 	 (6.4)

Geometrically, |z| is the distance of the point P from the origin, θ is called the angle 
of z, and

	
tan 1 y

x
	 (6.5)

Geometrically, θ is the directed angle from the positive x axis and is positive in the 
counterclockwise sense.

By substituting Eq. (6.3) into the rectangular form of z expressed by Eq. (6.1) we 
obtain another form of a complex number z

	

z x jy r jr
r j z j

cos sin
cos sin cos sin

	 (6.6)

or

	 z z jcos sin 	 (6.7)

The form in Eq. (6.7) is often denoted as

	 z z 	 (6.8)

The representations in Eqs (6.7) and (6.8) are called the polar form of a complex 
number z.

All three forms are equivalent.

	 z x jy z j z z j zcos sin cos sin 	 (6.9)

Example 6.3  Polar form of z
Let z j1 . Obtain the polar form of z.

Solution:  The magnitude of z is

	 z x y2 2 1 1 2 	

while the angle of z is

	
tan 1 1

1 4
45

	
The polar form of complex number z is, therefore:

	
z 2

4 	

6.2  Complex Conjugate

Given a complex number

	 z x jy	 (6.10)
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we can create another related (and very useful) complex number

	 z x jy* 	 (6.11)

This new complex number is called the complex conjugate of z.

Example 6.4  Complex conjugate

	

z j z j

z j z j

z j z j

z

1 1

2 2

3 3

4

3 8 3 8

2 5 2 5

4 0 4 4 0 4

,

,

,

*

*

*

0 7 7 0 7 74j j z j j, *
	

▪

If z is expressed as:

	 z z j z zcos sin 	 (6.12)

then

	

z z j z z j z
z j z z

* cos sin cos sin
cos sin

	 (6.13)

or

	 If thenz z z z* 	 (6.14)

The graphical representation of the above two complex numbers is shown in 
Figure 6.4.

Im z

Re z

P(x, y)

P*(x, –y)

y

–y

x

1

0

∣z∣ = r

∣z*∣ = r

θ

–θ

Figure 6.4  Complex number and its complex 
conjugate.
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6.3  Operations on Complex Numbers

Equality of Complex Numbers in Rectangular Form  Two complex numbers

	 z x jy z x jy1 1 1 2 2 2	 (6.15)

are equal if their real parts are equal and their imaginary parts are equal. Thus,

	 z z x x y y1 2 1 2 1 2and 	 (6.16)

Equality of Complex Numbers in Polar Form  Two complex numbers

	 z z z z1 1 1 2 2 2, 	 (6.17)

are equal if their magnitudes are equal and their angles are equal. Thus,

	 z z z z1 2 1 2 1 2and 	 (6.18)

Addition of Complex Numbers  Let

	 z x jy z x jy1 1 1 2 2 2	 (6.19)

Then their sum is defined as,

	 z z x jy x jy x x j y y1 2 1 1 2 2 1 2 1 2 	 (6.20)

Therefore, two complex numbers in rectangular form are added by adding the real 
parts and the imaginary parts separately.

Addition in polar form cannot be performed (except for the trivial cases) and therefore 
is not defined.

Example 6.5  Addition of complex numbers

	

z j z j
z z j j j j

1 2

1 2

5 2 4 3
5 2 4 3 5 4 2 3 9 5

,

	
▪

Multiplication by a Real Number in Rectangular Form  Let z x jy and a be a real number. 
Then the product of a and z is a complex number defined as

	 az a x jy ax jay	 (6.21)

Multiplication of Complex Numbers in Rectangular Form  Let

	 z x jy z x jy1 1 1 2 2 2	 (6.22)

Then the product of z1 and z2 is a complex number obtained as follows

	 z z x jy x jy x x jx y jy x j y y1 2 1 1 2 2 1 2 1 2 1 2
2

1 2	 (6.23)
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Since j2 1, we have

	 z z x x y y j x y y x1 2 1 2 1 2 1 2 1 2 	 (6.24)

Example 6.6  Multiplication of Complex Numbers in Rectangular Form

	

z j z j

z z j j j j j j
1 2

1 2
2

3 8 4 5

3 8 4 5 12 15 32 40 52 17

, ,

	

▪

Multiplication of Complex Numbers in Polar Form  Let

	 z r j r jr1 1 1 1 1 1 1 1cos sin cos sin 	 (6.25a)

	 z r j r jr2 2 2 2 2 2 2 2cos sin cos sin 	 (6.25b)

Then the product of z1 and z2 is a complex number that can be obtained as follows

	

z z r t jr r jr
r r

1 2 1 1 1 1 2 2 2 2

1 1 2

cos sin cos sin
cos cos 22 1 1 2 2

1 1 2 2
2

1 2 1

j r r

j r r j r r

cos sin

sin cos sin ssin
cos cos sin sin sin cos cos

2

1 2 1 2 1 2 1 2 1 2 1r r jr r ssin

cos sin
2

1 2 1 2 1 2 1 2 1 2r r j r r 	

or

	 z z z z z z z z1 2 1 2 1 2 1 2, 	 (6.26)

Product of a Complex Number and Its Complex Conjugate  This is one of the most important 
properties, which we will utilize often.

Let

	 z x jy z x jy, * 	 (6.27)

then

	 zz x jy x jy x jxy jyx j y x y* 2 2 2 2 2	 (6.28)

or

	 zz x y* 2 2	 (6.29)

Alternatively, if the complex number and its conjugate are in polar form

	 z z z z, * 	 (6.30)
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then

	 zz z z z z z* 2 2 20 	 (6.31)

or

	 zz z* 2	 (6.32)

Note that the product of a complex number and its complex conjugate is a real 
number.

Example 6.7  Multiplication by j in rectangular form
Let z x jy. Then

	 jz j x jy jx j y y jx2 	 (6.33)

▪

Example 6.8  Multiplication by j in polar form
Let z z . Then since j j0 1 1 90 , we get

	 jz z z1 90 90 	 (6.34)

▪

Therefore, multiplication by j is equivalent to counterclockwise rotation 90°, as shown 
in Figure 6.5.

Example 6.9  Negative number in polar form
Let z 5. Then

	 5 1 5 1 180 5 0 5 180 	

▪

Im z

Re z

(–y, x)

(x, y)

θ + 90°

90°

x

x

y

θ
–y 0

Figure 6.5  Multiplication by j.
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Division of Complex Numbers in Rectangular Form  Let

	 z x jy z x jy1 1 1 2 2 2	 (6.35)

Then the division of z1 and z2 results in a complex number z that can be obtained as 
follows

	

z z
z

x jy
x jy

x jy x jy
x jy x jy

x x

1

2

1 1

2 2

1 1 2 2

2 2 2 2

1 2 jjx y jy x j y y
x y

x x y y
x y

j x y x y
x

1 2 1 2
2

1 2

2
2

2
2

1 2 1 2

2
2

2
2

2 1 1 2

2
2 yy2

2

	 (6.36)

or

	

x jy
x jy

x x y y
x y

j x y x y
x y

1 1

2 2

1 2 1 2

2
2

2
2

2 1 1 2

2
2

2
2

	 (6.37)

Example 6.10  Division of complex numbers in rectangular form

	

z j z j

z
z

j
j

j
j

j
j

1 2

1

2

3 8 4 5

3 8
4 5

3 8
4 5

4 5
4 5

12

, ,

jj j j j j15 32 40
4 5

28 37
41

28
41

37
41

2

2 2
	

▪

Division of Complex Numbers in Polar Form  Let

	 z z z z1 1 1 2 2 2, 	 (6.38)

The quotient z z
z

1

2
 is the complex number satisfying zz z2 1. Therefore, we have

	
zz z z z z

z
z2 2 1

1

2

	 (6.39)

and

	

zz z z z
z z z

2 2 1

1 2
	 (6.40)

Thus

	

z
z

z
z

z
z

1

2

1 1

2 2

1

2
1 2 	 (6.41)
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Example 6.11  Division of complex numbers in polar form

	

z z
z
z

1 2

1

2

6 30 2 45
6 30
2 45

3 15

,

	

▪

Example 6.12  Division by j in rectangular form
Let z x jy. Then

	

z
j

x jy
j

x jy j
j j

y jx y jx
1

	 (6.42)

▪

Example 6.13  Division by j in polar form
Let z z . Then

	

z
j

z
z

1 90
90 	 (6.43)

▪

Therefore, division by j is equivalent to clockwise rotation by 90°, as shown in 
Figure 6.6.

Powers of Complex Numbers  Let z z . Then

	 z zz z z z z z2 2 2 	 (6.44)

More generally,

	 z z z nn n n 	 (6.45)

Im z

Re z

(–y, x)

(x, y)

θ – 90°

90° x

y

y
θ

–x

0

Figure 6.6  Division by j.
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6.4  Properties of Complex Numbers

In this section we list some of the basic properties of complex numbers.

	 z z z z1 2 2 1	 (6.46a)

	 z z z z1 2 2 1	 (6.46b)

	 z z z z z z1 2 3 1 2 3 	 (6.46c)

	 z z z z z z1 2 3 1 2 3 	 (6.46d)

	 z z z z z z z1 2 3 1 2 1 3	 (6.46e)

	 0 0z z z	 (6.46f )

	 z z z z 0	 (6.46g)

	 z z1 	 (6.46h)

Complex Conjugate Properties

	 z z z z1 2 1 2
* * *	 (6.47a)

	 z z z z1 2 1 2
* * * 	 (6.47b)

	 z z z z1 2 1 2
* * *	 (6.47c)

	

z
z

z
z

1

2

1

2

* *

*
	 (6.47d)

	 z z* * 	 (6.47e)

Useful Identity

	

1
j

j 	 (6.48)

Let’s prove it.

	

1 1
12j j

j
j

j
j

j j 	 (6.49)

6.5  Complex Exponential Function

Let z x jy be a complex number. The complex exponential function, ez, is defined as 
(Kreyszig, 1999, p. 679)

	 e ez x y j ycos sin 	 (6.50)

where ex, cos y, and sin y are real functions.
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Since x and y can be any real numbers, let us set x = 0. Then,

	 e e e e ez jy jy jy0 0 	 (6.51)

On the other hand, using Eq. (6.50)

	 e e ez x y j y y j y y j ycos sin cos sin cos sin0 	 (6.52)

Comparing Eqs (6.50) and (6.52) we obtain the Euler formula

	 e jy y j ycos sin 	 (6.53)

or in terms of θ

	 e j jcos sin 	 (6.54)

Now, since a complex number z can be expressed as

	 z z jcos sin 	 (6.55)

using Eq. (6.54), it can also be expresses as

	 z z je 	 (6.56)

This form of a complex number is called an exponential form. This form, perhaps, is 
the most useful form of a complex number in electromagnetic compatibility literature.

Euler formula expressed by Eq. (6.54) leads to two very useful results, as shown next.

	 e ej j j jcos sin cos sin 	 (6.57)

Thus, we have,

	 e j jcos sin 	 (6.58a)

	 e j jcos sin 	 (6.58b)

Adding both sides we get

	
cos e ej j

2
	 (6.59)

Subtracting both sides we get

	
sin e ej j

j2
	 (6.60)

6.6  Sinusoids and Phasors

6.6.1  Sinusoids

Consider a single frequency sinusoidal signal

	 v t V tcos 	 (6.61)
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where V is the amplitude of the sinusoid and ω is the angular frequency in radians per 
second, rad/s.

The period T and the angular frequency ω are related by

	
T

2
	 (6.62)

The reciprocal of the period is the (cyclic) frequency (in Hz)

	
f

T
1 	 (6.63)

The angular frequency ω and the cyclic frequency f are obviously related by

	 2 f 	 (6.64)

Let us now consider a more general expression for a sinusoid,

	
v t V tcos 	 (6.65)

where (ωt + φ) is called the argument of the cosine function, and φ is its phase.
The sinusoidal functions may, in general, be expressed in any of the four different 

forms: either as a sine or a cosine function, with either positive or negative 
amplitude.

For example,

	
v t t1 2 30cos 	 (6.66a)

	
v t t2 3 60cos 	 (6.66b)

	
v t t3 4 45sin 	 (6.66c)

	
v t t4 5 15sin 	 (6.66d)

As we will see in the next section, we often need the sinusoid to be expressed as a 
cosine function with positive amplitude, as shown in Eq. (6.66a).

Therefore, we need to be able to transform the other three forms into the positive 
cosine form. To accomplish that, we could use the following trigonometric identities:

	
cos cost t 180 	 (6.67a)

	
sin cost t 90 	 (6.67b)

	
sin cost t 90 	 (6.67c)

Therefore, Eqns. (5.64b–d) can be expressed as

	
v t t t2 3 60 3 120cos cos 	 (6.68a)
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v t t t3 4 45 4 45sin cos 	 (6.68b)

	
v t t t4 5 15 5 75sin cos 	 (6.68c)

Alternatively, we may use the graphical approach (Alexander and Sadiku, 2009, p. 374) 
as follows.

Consider the set of axis shown in Figure 6.7. The horizontal axis represents the cosine, 
while the vertical axis (pointing down) denotes the sine. Angles are measured positively 
counterclockwise from the horizontal, as usual in polar coordinates.

This figure can be used to obtain positive cosine out of the other three forms, as 
follows.

Negative cosine is equivalent to positive cosine plus or minus 180°. Positive sine is 
equivalent to positive cosine minus 90°. Negative sine is equivalent to positive cosine 
plus 90°.

6.6.2  Phasors

Consider a positive cosine function of the form

	
v t V tcos 	 (6.69)

We could use its amplitude and phase to create a related complex number

	 V V je 	 (6.70)

Obviously, the complex number in expression (6.70) is related to the sinusoid in 
expression (6.69). We often say that this complex number represents the respective 
sinusoid.

Is this representation useful? Extremely! Instead of performing mathematical opera-
tions on sinusoids in the time domain (which is often difficult to do), we can perform 
the operations on complex numbers related to these sinusoids, in the complex domain 
(which is relatively easy to do).

+ 90°+ 180°

– 180° –90°

–sin ωt

+sin ωt

+cos ωt–cos ωt

Figure 6.7  Trigonometric relations.
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Note that the sinusoid exists in the time domain, while the complex number repre-
senting it exists in the complex domain. Therefore, they are not equal; they correspond 
to each other.

	
V t V jcos e 	 (6.71)

When a complex number represents a sinusoid, we call it a phasor. By representing 
the sinusoid as a phasor we transform the sinusoid from the time domain to the phasor 
or frequency domain.

So what is the difference between a phasor and a complex number? Every phasor is a 
complex number, but not every complex number is a phasor. Only when the complex 
number represents a sinusoid is it referred to as a phasor.

In electromagnetic compatibility we often deal with complex voltages and currents. 
These complex expressions represent sinusoids in the time domain, and therefore 
they are phasors. We also encounter complex impedance, but the impedance does 
not represent a time‐domain sinusoid, so it is not a phasor, but just a complex 
expression.

To distinguish between the time domain variables and the complex variables, we will 
adopt the notation from Paul (2006, p. 261). A complex variable will always have a “hat” 
above it.

	 ˆ e jV V V 	 (6.72)

In the above expression, the magnitude V and the angle θ are real, thus they do not 
have “hats”, but the phasor is complex.

Given a phasor, in polar or exponential form, we can easily determine the time‐
domain sinusoid corresponding to it. For instance, if the phasor is given by

	 ˆ e jI I 	 (6.73)

then the sinusoid corresponding to it is simply

	
ˆ e cosjI I i t I t 	 (6.74)

Alternatively, the time‐domain form of phasor quantities may be obtained by multi-
plying the phasor form by ejωt and taking the real part of the result.

	 ˆRe e cosj tI I t i t
	

(6.75)

We will show this operation in the next section, when presenting the phasor form of 
Maxwell’s equations.

Derivative in the Phasor Domain  Let the time‐domain sinusoid be expressed as

	
v t V tcos 	 (6.76)

Its corresponding phasor is

	 ˆ e jV V 	 (6.77)



Complex Numbers and Phasors 123

If we take the derivative of v(t) in expression (6.76), we will obtain another sinusoid; a 
negative sine function, to be exact. That negative sine function can be expressed as a 
positive cosine using the transformations discussed earlier.

Therefore, we could create a phasor representing it. The question we pose is as fol-
lows: what is the relationship between the original phasor representing v(t) and the 
phasor representing its derivative?

To answer this questions let’s take the derivative of v(t):

	
dv t

dt
V t V tsin cos 90 	 (6.78)

Thus the phasor representing the derivative of v(t) is

	
V t V jcos 90 90e 	 (6.79)

Let’s have a closer look at this phasor.

	 V Vj j je e e90 90 	 (6.80)

However,

	 e j jj90 90 90cos sin 	 (6.81)

and therefore

	
90 ˆe e ej j jV j V j V 	 (6.82)

We have arrived at a very important observation.

	

ˆ

ˆ

v t V
dv t

j V
dt

	 (6.83)

That is, to obtain the phasor representing the derivative of a (sinusoidal) function, we 
simply take the phasor representing that function and multiply it by jω.

6.7  EMC Applications

6.7.1  Maxwell’s Equations in a Phasor Form

Of major interest in EMC are the sinusoidal electromagnetic fields and current and 
charge densities. That is, the time‐domain vectors and scalar expressions are sinusoidal 
functions of time and space.

For instance, the electric field intensity vector E in the time domain is given by

	 E x y z t E x y z t E x y z t E x y z tx y z, , , , , , , , , , , , , , 	 (6.84)

where each of its components is a sinusoidal function

	 E x y z t E tx xm x, , , cos 	 (6.85a)
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	 E x y z t E ty ym y, , , cos 	 (6.85b)

	 E x y z t E tz zm z, , , cos 	 (6.85c)

The corresponding phasors are

	 , , eˆ xj
x xm x xmE x y z E E 	 (6.86a)

	 , , eˆ yj
y ym y ymE x y z E E 	 (6.86b)

	 , , eˆ zj
z zm z zmE x y z E E 	 (6.86c)

Thus, the phasor form of the E vector in Eq. (6.84) is

	
ˆ ˆ ˆ ˆ, , , , , , , , , , y zxx y z E x y z E x y z E x y zE

	
(6.87)

The time‐domain form of phasor quantities may be obtained by multiplying the pha-
sor form by e jω and taking the real part of the result. For example

	

, , , Re , , e Re e e

Re e Re cos sin
c

ˆ

os

x

x

j t j tj
x x xm

j t
xm xm x xm x

xm x

E x y z t E x y z E

E E t jE t
E t

	 (6.88)

The phasor form of the derivative of the E field in (5.84) is

	
ˆj

t
E E	 (6.89)

Thus, in order to obtain Maxwell’s equations for sinusoidal excitation, we replace the 
field vectors and functions with their phasor forms, and their time derivatives with the 
phasor forms multiplied by jω. In a simple medium these equations in a phasor form 
become (Paul, 2006, p. 908) the following

Differential form of Maxwell’s equations

	 ˆ ˆjE H	 (6.90a)

	
ˆˆ ˆ

SjH E J 	 (6.90b)

	
ˆˆ VE 	 (6.90c)

	
ˆ 0H 	 (6.90d)

Integral form of Maxwell’s equations

	


ˆ ˆ
C S

d j dE l H S	 (6.91a)

	


ˆˆ ˆ
S

C S S

d j d dH l E S J S	 (6.91b)



Complex Numbers and Phasors 125

	

1ˆ ˆv
S v

d dvE S


	 (6.91c)

	
ˆ 0

s

dH S


	 (6.91d)

6.7.2  Transmission Line Equations in a Phasor Form

In Section 3.5.1 we obtained the transmission line equations (for a lossless line) as

	
V z t

z
l

I z t
t

, , 	 (6.92a)

	
I z t

z
c

V z t
t

, , 	 (6.92b)

The phasor transmission line equations are obtained by replacing the circuit variables 
with the corresponding phasors, and replacing the time derivatives with jω.

	

ˆ
ˆdV z

j lI z
dz

	 (6.93a)

	

ˆ
ˆdI z

j lV z
dz

	 (6.93b)

6.7.3  Magnetic Vector Potential

We are now ready to utilize the knowledge gained in these first six chapters to study the 
vector magnetic potential vector. This is one of the most useful concepts in the study of 
radiation from antennas and the concept of the partial inductance.

We will begin with Maxwell’s divergence equation for magnetic fields:

	 ˆ 0B
	

(6.94)

Now, let’s recall the following vector identity (true for any vector):

	
ˆ 0A 	 (6.95)

Thus, we could define the new vector A, called the magnetic vector potential, as a 
vector related to the magnetic flux density vector B by

	 ˆ ˆB A	 (6.96)

Even though the concept of a magnetic vector potential is a purely mathematical 
invention, it proves to be very useful, as we shall see.

Since

	 ˆ ˆB H	 (6.97)

then, in terms of the magnetic field intensity H, the vector magnetic potential A is 
defined as

	 ˆĤ A	 (6.98)
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or, alternatively

	
ˆ1Ĥ A	 (6.99)

Now, recall Maxwell’s curl equation

	 ˆ ˆjE H	 (6.100)

Substituting Eq. (6.98) into Eq. (6.100) we obtain

	 ˆ ˆjE A	 (6.101)

which can be written as

	
ˆ 0ˆjE A 	 (6.102)

Now, we will use another vector identity

	 V 0	 (6.103)

This identity holds for any arbitrary scalar function V. Comparing Eqs (6.102) and 
(6.103) we get

	 ˆ ˆj VE A 	 (6.104)

or

	 ˆ ˆV jE A	 (6.105)

The scalar function V in Eq. (6.102) represents electric scalar potential.
Now, let’s take the curl of both sides of Eq. (6.99) to get

	

1 ˆĤ A 	 (6.106)

The right‐hand side of (6.106) can be written as

	

1 1ˆ ˆA A 	 (6.107)

Comparing (6.106) and (6.107) we can write

	 ˆĤ A	 (6.108)

Next, we will use another vector identity

	 A A A2 	 (6.109)

Combining Eq. (6.108) and Eq. (6.109) we arrive at

	
2ˆ ˆĤ A A	 (6.110)

Using Maxwell’s curl equation for magnetic field in the region away from a conduc-
tion current (σ = 0)
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	 ˆˆ ˆ
SjH E J 	 (6.111)

We rewrite Eq. (6.111) as

	
2ˆ ˆˆj E J A A 	 (6.112)

Now, we will make use of Eq. (6.105) to obtain

	
2ˆ ˆ ˆj V j A J A A 	 (6.113a)

Thus

	
2 2ˆ ˆ ˆˆ j VJ A A A	 (6.113b)

or

	
2 2ˆ ˆ ˆˆ j VA A J A 	 (6.113c)

or

	
2 2ˆ ˆ ˆˆ j VA A J A 	 (6.113d)

Introducing a new constant,

	 k2 2 	 (6.114)

Eq. (6.113d) can be rewritten as

	
2 2ˆ ˆ ˆˆk j VA A J A 	 (5.115)

In Eq. (6.98), repeated here, we implicitly defined the vector magnetic potential A by 
its curl:

	
ˆĤ A 	 (6.116)

In order to uniquely define a vector, we need to define it by both the curl and the 
divergence. The definition of the divergence of A is independent of its curl. Thus, we are 
free to choose a convenient definition.

In order to simplify Eq. (6.115) we choose

	
ˆ1ˆ j V V

j
A A	 (6.117)

which is known as the Lorentz condition (Balanis, 2005, p. 136)
Substituting Eq. (6.117) into Eq. (6.115) leads to

	
2 2ˆ ˆ ˆkA A J	 (6.118)

Additionally, Eq. (6.105), repeated here,

	 ˆ ˆV jE A	 (6.119)
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reduces to

	

ˆ ˆ ˆ ˆ

ˆ

1

1 ˆ

e j j
j

j
j

E A A A

A A
	 (6.120)

or

	
1ˆ ˆ ˆj jE A A 	 (6.121)

Thus, once A is known, E can be obtained from Eq. (6.121) and H from

	
ˆ1Ĥ A	 (6.122)

Alternatively, E can be found form Maxwell’s equation

	 ˆˆ ˆ
SjH E J 	 (6.123)

with J = 0:

	 ˆˆ jH E	 (6.124)

That is, E can be obtained from

	
ˆ1ˆ

j
E H	 (6.125)

6.7.4  Radiated Fields of an Electric Dipole

Electric dipole, often referred to as Hertzian dipole, shown in Figure 6.8, consists of a 
short thin wire of length l, carrying a phasor current Î, positioned symmetrically at the 
origin of the coordinate system and oriented along the z axis.

Ideally the wire is infinitely short, and practically a wire of the length l ≪ λ/50 
(λ = wavelength) can be considered a Hertzian dipole. Although Hertzian dipoles are 
not very practical, they are utilized as building blocks of more complex geometries.

Since the current element is very short, we may assume the current to be constant

	 0 0,ˆ
zz I I constI a 	 (6.126)

To find the fields radiated by the current element, we will use the two‐step procedure.
First, we will determine A from the solution of the Helmholtz equation (see Eq. (5.96))

	
A Ix y z x y z

R
dl

c
e

jkR
, , e

4
, , 	 (6.127)

Note that R is the distance from the source location to the observation point, and 
r is  the distance from the origin to the observation point. Since the source is at the 
origin, r = R.
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The next step is to determine H and E from

	
ˆ1Ĥ A	 (6.128)

	
1ˆ ˆ ˆj jE A A 	 (6.129)

or alternatively, once H is computed from A by Eq. (6.128), E can be obtained from H as

	
ˆ1ˆ

j
E H	 (6.130)

For the Hertzian dipole shown, we have

	 I ae zx y z I, , 0 	 (6.131)

Since

	 R r x y z2 2 2 	 (6.132)

	 dl dz 	 (6.133)

we rewrite Eq. (6.127) as

	

A I ax y z x y z
R

dl I
r

dz
c

e

jkR

l

l

z

jkr
, , e e

4 4
2

2

0, ,

I
r

dz I l
r

jkr

l

l

z
jkr

z
0

2

2
0

4 4
e ea a

	 (6.134)
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Figure 6.8  Hertzian dipole.
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or

	
A ax y z I l

r
jkr

z, , e0

4
	 (6.135)

The next step is to determine H, using Eq. (6.128). We will perform this operation in 
spherical coordinates.

The transformation between rectangular and spherical components is given by:

	

A
A
A

r sin cos sin sin cos
cos cos cos sin sin

sin cos 0

A
A
A

x

y

z

	 (6.136)

For this problem Ax = Ay = 0, thus,

	

A
A
A

r sin cos sin sin cos
cos cos cos sin sin

sin cos 0

0
0

4
0I l
r

jkre

	 (6.137)

or

	

A
A
A

I l
r

I l
r

r

jkr

jkr

0

0

4

4
0

e

e

cos

sin
	 (6.138)

The curl of A in spherical coordinates is

	

A a1

1 1
r

A A

r
A

r
rA

r

r

sin
sin

sin
a a1

r r
rA Ar

	 (6.139)

Since Aφ = 0 and there are no φ variations in A, we have

	
A a1

r r
rA Ar 	 (6.140)

and thus

	

ˆˆ 1 1 rArA
r r

H A a 	 (6.141)
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Now, we use Eq. (6.138) in Eq. (6.141) to produce

	

0 0

0 0

0 0

0

1ˆ

1 e esin cos
4 4

1 sin ee cos
4 4

1 sin ee sin
4 4

sin
4

r

jkr jkr

jkr
jkr

jkr
jkr

ArA
r r

I l I lr
r r r r

I l I l
r r r

I l I ljk
r r

I l
r

H a

a

a

a

0
2

0

ee sin
4

sin 11 e
4

jkr
jkr

jkr

I ljk
r

kI lj
r jkr

a

a

	 (6.142)

Thus, the components of the magnetic field intensity H at a distance r from a Hertzian 
dipole are

	 Hr 0	 (6.143a)

	 H 0	 (6.143b)

	
H j kI l

r jkr
jkr0

4
1 1sin e 	 (6.143c)

The electric field E can now be found using Eq. (6.129) or Eq. (6.130). Let’s use the 
latter approach first. That is, let’s calculate E from

	
ˆ1ˆ

j
E H	 (6.144)

The curl of H in spherical coordinates is

	

H a1 1 1
r

H H
r

H
r

rHr
r

sin
sin

sin
a

a1
r r

rH Hr

	 (6.145)
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Since H Hr 0 and there are no φ variations in H, we have

	

E H a a1 1 1 1
j j r

H
r r

rHrsin
sin

1 1
4

1 10

j r
j kI l

r jkr
jkr

sin
sin sine ar

jkr

j r r
rj kI l

r jkr
1 1

4
1 10 sin e a

	 (6.146)

Let’s evaluate the r component first:

	

E
j r

j kI l
r jkrr

jkr1 1
4

1 10

sin
sin sine

1 1 1 1
4

0
2

2

sin
sin

jkr
kI l

r
jkre

1 1 1 1
4

2

1
2

0
2

0

sin
sin cos

cos
jkr

kI l
r

kI l

jkre

rr jkr
jkr

2 1 1 e

	 (6.147)

and now the θ‐component:

	

E
j r r

rj kI l
r jkr

jkr1 1
4

1 10 sin e

1 1
4

1 1

1

0

r r
kI l

jkr
jkrsin e

kI l
r r jkr

jkr0

4
1 1sin e

	 (6.148)

Let’s evaluate the derivative term:

	

r jkr r jkr

jk

jkr jkr
jkr

1 1 e e e

e jjkr
jkr jkr

jkr
jkr

jk jkr jk

jkr

jk
k kr j

e e

e
e

2

kk

kr

j
kr j

kr
k j

kr
j

kr

jkr

jkr

e

e

2

2 2
1 k

jkr kr
jk

jkr

jkr

e

e1 1 1
2

	 (6.149)
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Substitute Eq. (6.149) into Eq. (6.148):

	

E kI l
r r jkr

jkr1
4

1 1

1

0 sin e

kI l
r r jkr

kI l

jkr0

0

4
1 1

1

sin e

ssin

sin

4
1 1 1

1
4

1 1

2

0

r jkr kr
jk

kI l
r j

jkre

kkr kr
jk jkr1

2 e

	 (6.150)

Thus, the electric field intensity at a distance r from a Hertzian dipole is given by

	
E kI l

r jkrr
jkr1

2
1 10

2
cos e 	 (6.151a)

	
E kI l

r jkr kr
jk jkr1

4
1 1 10

2
sin e 	 (6.151b)

	 E 0	 (6.151c)

Whereas the magnetic field intensity at a distance r form a Hertzian dipole was 
derived earlier, and is repeated here:

	 Hr 0	 (6.152a)

	 H 0	 (6.152b)

	
H j kI l

r jkr
jkr0

4
1 1sin e 	 (6.152c)

Note that these two sets of equations (6.151) and (6.152) are equivalent to the set of 
equations (7.1) on page 423 of Paul 2006.

We will show this equivalence using the alternative approach to computing the 
electric field intensity from Eq. (6.129), repeated here:

	
1ˆ ˆ ˆj jE A A 	 (6.153)

Recall that the vector magnetic potential in spherical coordinates was given by 
Eq. (6.138), repeated here:

	

A
A
A

I l
r

I l
r

r

jkr

jkr

0

0

4

4
0

e

e

cos

sin
	 (6.154)
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First, we need to compute the divergence of A. In spherical coordinates we have

	
A 1 1 1

2
2

r r
r A

r
A

r
A

r sin
sin

sin
	 (6.155)

Since Aφ = 0 and there are no φ variations in A, we have

	

A 1 1

1
4

2
2

2
2 0

r r
r A

r
A

r r
r I l

r

r

jkr
sin

sin

cose 1
4

1

0

2
0

r
I l

r

r r
r I l

jkr

sin
sin sine

e jkr jkr

r
I l

r

r
I

4
1

4
1

0 2

2
0

cos
sin

sine
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r

r
r

I l
r

r
I l

jkr
jkrcos

sin
sin

co
4

1
4

1

0 2

2
0

e e

ss
sin

sin cos

co
4

1
4

20

0

e e ejkr jkr
jkr

rjk
r

I l
r

I l ss cos

cos
4 4

2

4

2
0

2

0
2

r
rjk I l

r
I l

r

jkr jkr
jkr

e e e

e jkr jkr jkrj k I l
r

I l
r

I l
r

jk
r

0 0
2

0
2

4
2

4

4
1

cos cose e

e jkr cos

	 (6.156)

Now, the gradient of the scalar function f in spherical coordinates is

	
f f

r r
f

r
f

ra a a1 1
sin

	 (6.157)

Thus,

	

A a af
r r

f

r
I l

r
jk
r

r

jkr

1

4
10
2 e cos a

a

r

jkr

r
I l

r
jk
r

1
4

10
2 e cos

	 (6.158)

Let’s start with the r component.

	

r
I l

r
jk
r

I l
r r

jjkr0
2

0
24

1
4

1e cos cos kk
r

I l
r r

jk
r r

jkr

jkr

e

e0
2 24

1 1cos jjk
r r

I l
r

jk
r

jkr

jkr

e

e0
3 24

2cos 1
2r
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r

jk jkre

	

(6.157)
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I l
r

jk
r r

jk
r

jkjkr jkr0
3 2 24

2 1cos e e

I l
r

jk
r

jk
r

k
r

I l
r

jkr0
3 2 2

2
0

34
2

4
2cos cose 22

2

2jk
r

k
r

jkre

Next, the θ‐component

	

1
4

1

1
4

1

0
2

0
2

r
I l

r
jk
r

r
I l

r
jk
r

jkre cos

e

e

jkr

jkrI l
r

jk
r

cos

sin0
3 24

1

	 (6.158)

Next, substitute Eqs (6.154), (6.157), and (6.158) in (6.153), repeated here:

	
1ˆ ˆ ˆj jE A A 	 (6.159)

Again, let’s start with the r component.

	

E j I l
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j I l
r

j I l
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jkr jkr
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	 (6.160)

Let’s look at the sum of the first and the last term:

	

j I l
r

j I l k
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j j k
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e ecos cos
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	 (6.161)

thus,

	

E j I l
r
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j I l jk
r

r
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2 2
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	 (6.162)
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Let’s introduce a different notation (to conform to the formulas in Paul, pp. 422–423):

	 k 0	 (6.163a)

	 l dl 	 (6.163b)

	
1 	 (6.163c)

Then Eq. (6.162) can be written as

	

E I dl
r j r

I dl
r

r
j r2

4
1 1

2
4

1

0
2 3

0 2
2 2

cos
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11
3 3j r

j re

	 (6.164)

Or

	
E I dl

r
j

r
er

j r2
4

1 10 2
2 2 3 3cos 	 (6.165)

Now, the θ‐component

	

E j I l
r

j I l
r

jk
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jkr
j0 0

3 24
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4
1e esin kkr

jkr
jkrj I l

r
j I l

r
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r
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sin sin0 0
3 24

1
4

1e e
	 (6.166)

In Part III of this book, we will define the intrinsic impedance of a medium as

	
	 (6.167a)

and express the angular frequency as

	
	 (6.167b)

then, the following holds

	
	 (6.167c)

	

1 	 (6.167d)
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thus,

	

E j I l
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	 (6.168)

or

	
E I dl j

r r
j

r
j r0 2

2 2 3 34
1 1sin e 	 (6.169)

Equations (6.165) and (6.169) correspond to Equations (7.1d) and (7.1e) in Paul (2006, 
p. 422–423).

6.7.5  Electric Dipole Antenna Radiated Power

Electric dipole radiated power can be computed from (Paul, 2006, p. 425)

	
*1

2
ˆ ˆ ˆS r E r H r 	 (6.170)

where the electric and magnetic fields were derived earlier as

	
ˆ ˆ, , 0ˆ

rE EE 	 (6.171a)

	
ˆ0, 0  ˆ , HH 	 (6.171b)

where
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2
cos 11 e

2

jkr
r

jkr

kI lE
jkrr

kI l
jkrr

	 (6.172a)

	

0
2

0
2

1 sin 1 11 e
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kI l jk
r jkr kr

kI lj k
jkr

E

r kr

	 (6.172b)



Foundations of Electromagnetic Compatibility138

	
0 sin 11ˆ e
4

jkrkI lj
r

H
jkr

	 (6.172c)

Substitution of Eq. (6.172) into Eq. (6.170) produces

	
* *1 ˆˆ , ,ˆ ˆˆ
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Let’s calculate the r component of the radiated power.
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or
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leading to
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or
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Equation (6.174d) describes the r component of the complex power density vector. 
To calculate the total average power radiated by the electric dipole antenna we evaluate 
the following surface integral
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or
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and thus
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The real radiated power is just the real part of the complex power in Eq. (6.175c).
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7

7.1  Fundamental Concepts

7.1.1  Current

The motion of electric charges constitutes an electric current, denoted by the letters i 
or I. As a matter of vocabulary, we say that a current flows along a path, from A to B, or 
through an element, as shown in Figure 7.1.

Note that a complete description of current requires both a value and a reference 
direction, as shown in Figure 7.1.

By definition, current is the time rate of change of charge, or

	
i

d q

dt
A C

s
	 (7.1)

We consider the network elements to be electrically neutral. That is, no net charge 
can accumulate in the element. Charges may not accumulate or be depleted at any 
point. Any charge entering the element must be accompanied by an equal charge 
leaving the element.

7.1.2  Voltage

Charges in a conductor may move in a random manner. To move the charges in a con-
ductor in a particular direction requires some work or energy transfer.

We define the voltage vAB between two points A and B in an electric circuit as the 
energy (work) needed to move a unit of charge from A to B.

Mathematically,

	
v dw

dqAB V J
C

	 (7.2)

As a matter of vocabulary, we say that a voltage exists across an element, or between 
two points or nodes, as shown in Figure 7.2.

Note that a complete description of voltage requires both a value and a reference 
direction, as shown in Figure 7.2.

Basic Laws and Methods of Circuit Analysis
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Passive Sign Convention  For any electrical element, if the current reference direction, 
upon entering the element, points into the positive voltage reference direction, the 
current and voltage so defined are said to satisfy the passive sign convention (Alexander 
and Sadiku, 2009, p.11).

In Figure 7.3(a) the passive sign convention is satisfied, while in Figure 7.3(b) it is not.

7.1.3  Power

Voltage and current are useful variables in the analysis and design of electrical circuits. 
The circuit specifications, in addition to voltage and current, often include the require-
ment on power that the circuit needs to deliver to a load.

In transferring charge through an element, work is being done, or energy is being 
transferred. We define power p, as the rate at which energy w is being transferred.

Mathematically,

	
p dw

dt
W J

s
	 (7.3)

In the circuit analysis, it is more convenient to work with the circuit variables (voltage 
and current) than the field variables (energy or vector quantities). It is, therefore, pre-
ferred to express power in term of voltage and current.

Note that (7.3) can be written as

	
p dw

dt
dw
dq

dq
dt

	 (7.4)

i 2 mA

A B A B

Figure 7.1  Current designation.
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– Figure 7.2  Voltage designation.
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Figure 7.3  Passive sign 
convention: (a) satisfied, (b) not 
satisfied.



Basic Laws and Methods of Circuit Analysis 145

and thus

	 p vi W VA 	 (7.5)

When the passive sign convention is satisfied, the power calculated according to (7.5) 
is called the power absorbed or dissipated by the element.

If the current and voltage direction do not satisfy the passive sign convention, 
the power calculated using (7.5) is called the power delivered by the element.

7.1.4  Average Power in Sinusoidal Steady State

Average Power in  the  Time Domain  When voltage and current in Eq. (7.5) are time 
varying, then the power that is obtained from

	 p t v t i t 	 (7.6)

is often referred to as the instantaneous power.
Of special interest to us is the case when both voltage and current are sinusoidal 

function of time. Sinusoidal steady state analysis is of paramount importance in EMC 
engineering.

Let the voltage and current at the terminals of the circuit be

	 v t V tm vcos 	 (7.7)

	 i t I tm icos 	 (7.8)

where Vm, Im are the amplitudes, and θv and θi are the phase angles of the voltage and 
current, respectively.

Since we are operating in the sinusoidal steady state, we may choose any convenient 
reference for zero time. It is convenient to use a zero reference time corresponding to 
the instant the current is passing through a positive maximum.

This reference system requires a shift of both the voltage and current by θi. Thus, 
Eqs (7.7) and (7.8) become

	 v t V tm v icos 	 (7.9)

	 i t I tm cos 	 (7.10)

When we substitute Eqs (7.9) and (7.10) into Eq. (7.6), the instantaneous power 
absorbed by the element is

	 p t v t i t V I t tm m v icos cos 	 (7.11)

Let’s make use of the trigonometric identity

	
cos cos cos cos1

2
	 (7.12)
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Then Eq. (7.11) can be expressed as

	
p t V I V I tm m

v i
m m

v i2 2
2cos cos 	 (7.13)

Note that p(t) is periodic with a period T T0 2/  since its frequency is twice that of 
voltage or current.

The instantaneous power may be positive, negative, or zero, depending on the time t 
at which it is evaluated, and thus does not convey much information about the element 
or system. Of much more use is the average power which, as we shall see, is not a 
function of time.

The average power is the average of the instantaneous power over one period. Thus, 
the average power is given by

	
P

T
p t dtave

T1
0 0

0

	 (7.14)

where T0 is the period of p(t), and the instantaneous power is expressed by (7.13).
We would get the same result is we performed the integration in (7.14) over the time 

interval of two periods, T T2 0; that is, the average power can also be computed from

	
P

T
p t dtave

T1

0

	 (7.15)

Substituting (7.13) into (7.15) results in
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	 (7.16)

Note that the second term contains the integral of the sinusoid over its period. 
This integral is zero because the area under the sinusoid during a positive half‐cycle is 
cancelled by the area under it during the following negative half‐cycle.

Thus, the second term in (7.16) vanishes and the average power becomes

	
P V Iave m m v i

1
2

cos 	 (7.17)

Average Power in the Phasor Form  The phasor forms of v(t) and i(t) are

	 ˆ
m vV V 	 (7.18a)

	 ˆ
m iI I 	 (7.18b)
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Let’s evaluate the following expression

	

*1 1
2 2

1 cos s
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V I j
	 (7.19)

Comparing (7.19) with (7.17) reveals that the average power can be computed from 
the phasor forms as

	
*ˆ1Re ˆ

2aveP V I 	 (7.20)

Average Power Delivered to  a  Resistive Load  In the next section we will show that the 
voltage current relationship for a resistor in phasor domain is

	 ˆ ˆV RI 	 (7.21)

Since

	 ˆ
m iI I 	 (7.22)

it follows that

	 ˆ
m iV RI 	 (7.23)

Now, utilizing Eq. (7.20), we obtain the average power delivered to a resistive load as
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	 (7.24)

or

	
21 ˆ

2aveP R I 	 (7.25)

7.2  Laplace Transform Basics

7.2.1  Definition of Laplace Transform

Consider a time function f(t) defined for t > 0. The Laplace transform operates on a 
time function and creates a new function that exists in a new domain, called the Laplace 
or s domain.

	 F s f tL 	 (7.26)


